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PEEFACE. 



The beauty of any scientific theory is simplicity : this has 
been the aim of the Author in the composition of the 
following pages. He has sought to render the Solution 
of Equations of the Third and Fourth Degrees in a more 
simple form, adapted to an elementary course of instruction 
in Algebra, to be used in schools and academies. 

In most treatises on common Algebra the solution and 
theory of Quadratic equations, or equations of the second 
degree, are clearly developed in formula simple and easy to 
be comprehended, and generally accompanied with numerous 
examples, calculated to interest and encourage the young 
student ; but Equations of the Third and Fourth Degrees, 
though often introduced by algebraical writers, have been 
presented in such an unfavourable aspect, and encumbered 
with so many complex rules, requiring such a vast amount 
of labour, that the pupil, instead of being interested, be- 
comes weary, and often disgusted, with the obscurity of this 
department of his subject. 

Other writers, celebrated in the annals of mathematical 
science, perceiving the great disadvantages resulting from 
the incorporation of these formidable obstacles among the 
rudiments of Algebra, have excluded them from these ele- 
ments, and formed separate treatises, having for th^ir object 
the ftnalyaation and solution of these two orders of equa- 
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VI PREFACE. 

8. A '* General Solution'' of the Biquadratic Equation is 
given, resembling in some respects Descabtes' Solution, but 
differing in other respects from all solutions with which the 
Author is acquainted, by obtaining a resulting auxiliary 
Cubic Equation whose second term is absent. 

These are some of the peculiarities in this little treatise ; 
but the reader is referred to the propositions in the body of 
the work for further information. 

In the meantime, the Author begs the indulgence of the 
public for obtruding upon them new discoveries, new theorems, 
and new formulas, calculated to weaken the old methods of 
instruction which, through age, are so highly venerated among 
the learned institutions of civilised nations. The Author makes 
no pretensions to literary merit, being ^^ self taught,'' and has 
composed the following propositions under very unfavourable 
circumstances, in the midst of the bustling and exciting 
sceneries of a continental tour in Europe, without access to 
books and libraries to which he could refer on many points of 
importance; his style and arrangement will, therefore, un- 
doubtedly appear very imperfect, and open to severe criticism. 

But should the Author, in his humble capacity, succeed 
in contributing even one new truth to the enlargement of the 
sphere of mathematical knowledge, or be instrumental in 
simplifying any department of this useful science, so as to 
render it easier and more accessible to the general student, he 
will have attained the desirable object he had in anticipation. 

ORSON PRATT, Sen. 

Vienna, Austria, August, 18G5. 



REMARKS. 

Since his retnm from the Continent, the Anther has 
introduced several improvements and simplifications in the 
numerical department of this treatise, not specified in fche 
foregoing preface; among which may be mentioned the 
application of his new theory to the extraction of the Biqua- 
dratic Boot, by which a great amount of labour connected with 
the old methods is avoided, and the development rendered 
in an abbreviated style, .extremely simple and expeditious. 
That the work might be more fully adapted to the wants 
of every class of algebraical students, either with or with- 
out teachers, the Author has introduced a great variety 
of examples, with numerical operations, indicating the 
most convenient form of arrangement to be pursued. With 
these few remarks, he submits, with feelings of pleasure, 
mingled with diffidence, this little volume, as a humble 
contribution to the great treasury of mathematical science. 

0. PBATT, Sen. 

42, IsLiMaTON, LrnsBPOOL, May 26, 1866. 



EKBATA. 



Page 6, nine lines from top, for {x — a^ read (jc — a^) . 

— 29, four lines from top, for A read A* . 

— 35, seven lines from bottom, for Y read Y, . 

— 86, last line, far\/±^ read ± V . 

— 38, two lines from bottom, for — 8 A + A^ read — 3 A + A^ • 

three lines from top, for — a read a . 

example 7, middle column, the gronp of figures, below the seventh 
row, is displaced two figures to the right. 

ten lines from top, for — y" read — y'" . 

' in row 2, for 60 read 96 ; 

6, for 12 read 13 ; 

6, for 71 read 78 ; 

12, for ' 01 read * 08 ; 

17, /or -03 read -00. 



— 76, 

— 103, 

— 104, 



— 110, Example 11, third column, 
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SOLUTION OF EQUATIONS 



THIRD AND FOURTH DEGREES. 



INTRODUCTION. 

(Abt. 1.) All those preliminary investigations, so essential to the 
general theory of equations of a higher order than that of the fourth 
degree, are, if unnecessary to the solution of the cubic and biqua- 
dratic equations, carefully excluded; so as not to encumber the 
simplicity of our method with details or theorems more properly 
belonging to a higher department. The theory of quadratic equa- 
tions, or equations of the second degree, is likewise excluded; as 
the student is supposed to have made himself familiar with this 
class of equations, so amply elucidated in the elements of common 
Algebra. 

(2.) The definition of a cubic equation is an equation in which 
the highest power of the unknown quantity is a cube ; and in which 
the inferior pqwers of the unknown quantity are neither fractional nor 
negative, but integral ; and whose coefficients are known quantities, 
either real or imaginary, fractional or integral ; and the sum of whose 
terms, when removed to one side of the sign of equality, is equal to 
nothing: thus 

Ag a.-8 + A« ;f2 + A.T + Ao = 

is a complete cubic equation : if one or more of the last three terms 
are absent, the equation is called incompletr. The coefficients 
As , As , A , Ao may be either positive or negative : the 
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sign +, used in this general equation, is merely to connect the 
terms together, but indicates nothing further. A biquadratic equa- 
tion is one in which the highest power of the unknown quantity is 
four ; but, in other respects, the definitions regarding the inferior 
powers of the unknown quantity, and the coefficients are the same 
as in the cubic : thus : ' 

A^a^ + A^ a^ + A^ .r^ + A.V + A^ = 

is a complete biquadratic equation. 

(8.) When these equations involve but one unknown quantity, 
they are called detehninate equations ; but when two or more un- 
known quantities are involved, they are called in detenu in ate equations. 
Certain groups of equations, involving more than one unknown 
quantity,- may be reduced to as man} determinate equations as there 
are unknown quantities, providing that there are as many distinct 
and independent equations as there are unknown quantities ; other- 
wise they are indeterminate. It is sometimes the case, when one 
of the powers of the unknown quantity is negative or fractional, that 
the equation can be reduced, by certain algebraical transformations, 
to an integral form ; for example, the equation an^ -f bjc^ + ex + 
dar-^ 4-^ = may be transformed into a.r* -f- ha.^ + ca^ + ex -f 
(/ = 0; also the equation clc^ +h x -{- cx^ -\- d = may be 
reduced, by transposing the third term and squaring both sides of 
the equation, to a rational integral equation of the fourth degree. 
Bational integral determinate equations of the third and fourth 
degrees, are the only ones which will be considered in the following 
pages. 

(4.) The general equation can be more simplified by reducing the 
coefficient of the highest power of the unknown quantity to unity : 
this can be effected by dividing each term by that coefficient, which 
of course will not alter the value of the equation : thus 

A^ + 4^ ^^ + 4^ »'»^ + ^r •'• + 4^ = 
^ A, ^ Ai ^ A, ^ A^ 

that is .a-* + A .^•8 + a' .r^ + a'j- 4- a' = 

8 2 

This form will be adopted because of its greater simplicity. The 
accents may also be dispensed with. For the convenience of 
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reference, the left hand member of the general equation will be 
represented by the capital letter X, The two equations in this 
modified simple form will stand as follows : 

. . X = a^ + Ag ;«« 4- A.r + Ao = 0. 

X = ar* + Ago* +A2 it* + A.r + Ao = 0. 

(5.) If all the terms of an equation are arranged on one side of 
the sign of equality, and of course equal to nothing, then any 
quantity which, when substituted for .r, does not alter the value of 
the equation, but maintains it in its identity to zero, is a root of the 
equation: this can be more simply explained by a few examples. 
If a? — rt =; and a is substituted for a*, the identity of the first 
member of the equation to zero is not altered ; therefore at is a root 
of this simple equation ; and it is very easy to perceive that the 
substitution of any other value for ;r but that of a will destroy the 
equality of the first member to zero : and therefore, the equation can 
have only one root. 11 a^ — «« = 0, and either +a or —a be 
substituted for x, the identity of the first member to zero is still 
preserved; and therefore, both +a and — ^ are roots of this 
equation. And it is also proved in common Algebra that the equa- 

— i + >v/ 6* — 4 ac 
tion ajL^ -{- hx -{- c = has two roots, namely, ^ 

and > either of which when substituted for the 

unknown quantity in the equation preserves its identity to zero. 
In the subsequent pages of this treatise it will be proved that the 
cubic equation has three roots, and that the biquadratic equation has 
four roots, either of which, when substituted for the unknown 
quantity, will not disturb the conditions of the equation in respect 
to its zero value. 

(6.) The solutimi of an equation is to determine the value of all 
its roots. There are two kinds of solution ; one is to find the value 
of the roots in terms of the coeflGicients, when represented by symbols, 
which is called an algebraical solution: the other is to determine 
the numerical value of the roots, or their value in figures ; this is 
called a numerical solution. 

Algebraical solutions may be divided into two classes. 



4 INTRODUCTION. 

1. When the symbols, representing the coefficients, are obtained 
in a form that is susceptible of being reduced to numerical calcula- 
tion, so that the yalues of the roots can be numerically obtained. 

2. When the solution is expressed in known symbols, obtained in 
a form which is irreducible by any known process. 

It will be seen hereaft;er, that what is commonly called the general 
solution of the cubic and biquadratic equations, is merely a transfor- 
mation of the unknown quantities into known- symbols, th6ugh 
expressed, in case of real roots, in forms that are unknown and 
irreducible; the latter is, therefore, erroneously called a, solution ;- 
it would have been much more consistent to have called it a 
transfo}^iation. Further remarks will be made upon this subject 
when we come to treat upon the general solution of the cubic 
equation by Cabdan. In the meantime, we shall continue the use 
of the term '* general solution,** according to the established practice 
among mathematicians. 

(7.) We might here introduce those general solutions, and thus 
demonstrate what was adverted to in article (5), namely, that the 
cubic equation has three roots, and the biquadratic equation four 
roots : but to do this would interrupt that simplicity of arrangement 
which is so desirable to be preserved. This property of those 
equations wiU, therefore, be assumed in some of the propositions 
which follow, which will merely have a tendency to render the 
demonstrations dependent upon this property hypothetical, until the 
student shall arrive at the general solutions referred to. 



CHAPTER I. 

CONSTITUTION OF CUBIC AND BIQUADRATIC EQUATIONS. 
PROPOSITION I. 

(8.) If (iif ^2, rtg, (ii are roots of the biquadratic equation, 
,v* + As ;f3 + Aa ar2 + A.r + Ao = 0, 
then will 

x^ + A^ofi + A^j^ + Ax + Aq = {jt;—ai){ji'— a^) (ur — r/g) (•** — ''4) = 0. 

Denwnstration, — ^As a^, «^, a^, a^ are roots of the equation, .v 
must have these four values, and consequently be equal to them ; 
hence each of the factors, (;i'— rt^), {x—a^, &c., must be equal to 
nothing ; and therefore, their product must be equal to the first 
member of the equation. The same proposition is also true for the 
cubic equation. 

COROLLARY. 

(9.) If X = is divided by any one of the factors in the second 
member of the equation, the quotient will be equal to the product of 
the remaining three factors, which is also equal to nothing. And if 
X = is divided by the product of any two of the factors, the 
quotient will be equal to the product of the remaining two factors, 
which is likewise equal to nothing. And if X = is divided by the 
product of any three of the factors, the quotient will be the remaining 
factor, which is also equal to nothing. And in all these divisions the 
remainder will be zero. The common rules of algebraical division 
demonstrate this corollary. 

(10.) It will be perceived by this corollary that when one root of 
X = is known, as, for example, .v=ai, that by transposing a^ to 
the same side with .r, and changing the sign, we obtain a factor 
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.1 - ft If which will divide the polynomial X = 0, and thus depreus 
the equation to one degree lower than the original equation. 



PKOPOSITION II. 

(11.) If X = is any equation of the third or fourth degree, the 
niiiiihcr of roots in the equation cannot exceed the highest power of 
the unknown quantity. 

Ih'wnnstrfitinti. — It has been proved in proposition i., that X can 
bo tJxhibiUul in the form of factors, each equal to zero ; thus 

X = (.r - o^) (.r - a^) {.v - a^ (.v - ^/,) 

If X is d(>preHHed to an equation of the first degree by a successive 
diviHion of these factors, it is evident that it will not admit of any 
further drproHsioii by any new factor of the form of x — rig, without 
dcmtroyiiig its equjility to zero ; therefore, the number of roots in 
tluj (Mjtiation X = cannot exceed the highest power of the unknown 
quantity. 

PKOPOBITION III. 

(12.) If X = is any equation of the third or fourth degree, and 
is divisible by any factor ;c — Oy then will a be a root of the 
equation. 

PrmoHtftratiiHi. — Let X = (.r — r/j) (a- — a^) (.i- — ^s) i*^ — ^i) I 
'hj ''a> ^'.» ''4 being roots of X. It is proved in proposition 11., that 
the number of factors in X of the form of .r — a can never exceed the 
highest power of the unknown quantity ; consequently, if .r — a 
divides X, it must be equal to one of the factors in the right hand 
member of the equation ; and therefore a must be equal to one of 
the roots ^/j, a^^ (igi ^4. 



PROPOSITION IV. 

(18.) If any rational integral polynomial 

X = .H + Ag.r^ + Aow;'^ + A.i- + Ao 
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is divided by any binomial of the form of .v — a, the resulting 
remainder will be 

a* + A« a* + A« a« + A a + Ao. 

Demomtration, — ^Let the remainder be represented by R, and the 
quotient by Q ; then we shall have 

:c* + As .i-s + Ag iB« + A .r + Ao = (.r - a) Q + R ; 

now, if a is substituted for x, the first term of the second member 
will vanish ; and, therefore, 

a* + Ag a» + A« ^2 _|_ A a + Ao = R. 

This proposition, like those which have preceded, might, with a 
very Httle alteration, be rendered general, so as to be applicable to 
polynomials of any degree : but, for the sake of beginners, equations 
and polynomials of the nth degree have been excluded, and the pro- 
positions have been confined to those of the lower orders. The 
young student will, however, at once perceive, from the general 
nature of the demonstrations, that a similar process is also applicable 
to polynomials and equations of any degree. 



PBOPOSITION v. 

(14.) If any polynomial X, say of the fourth degree, is divided by 
any binomial of the form of a? —a, the quotient will be a polynomial 
a unit lower in degree ; and the coefficients of the quotient can be 
expressed in terms of the coefficients of the proposed polynomial. 

Demonstration, — Let X = (x — a) Q + R« 

Now as R does not contain a;, and as the divisor x — a is of the 
first degree, therefore the quotient Q must be a unit lower in degree 
than the dividend X. 

The form of the quotient will be as follows : 

/ / / / 

Q = A a.-8 + A a;2 + A a- + A 

^ 8 ' 8 ' 



8 CONSTITUTION OF CUBIC AND BIQUADRATIC EQUATIONS. 

It is required to be proved that the values of A's , A'g , A' , A'^ 
can be expressed in terms of the coefficients of the proposed 
equation. 

Let Aj .r« + A« :t^ + 4j .i*® + Ac + Ao = 

(.r-«) (A'3.i-» + A'j j^ + A'.r + A'o) + R= 
AV* + (A'^-a\\)a^ + {A'-aA^)^^ + {k'o-aA')x-aA'o +R 

As this is identical to the first member, the coefficients of like 
powers of .r are equal to each other ; and hence we have 

A', = A, 



A's - a A', 


= A, .-. 


A', = A, + a A', 


A' - a A's 


= A, .-. 


A' = A, + fl A'., 


A'o — (1 A' 


= A .-. 


A'o = A + rt A' 



Also 

R — rt A'o = Ao .'. R = Aq + a A'o 

Substitute for the values of the accented symbols, and we obtain 

A 8 = Ai 

A'a = Ag + rt A4 

A' = A^ 4- ^ A3 + ^^ A4 

A'o = A + « A^ + «^ Ag + «' A4 

R = Ao + « A + «* A3 + a^ A3 + rt* A^ 

The right hand members of the first four equations are the 
coefficients of the quotient Q, expressed in terms of the coefficients 
of the proposed equation ; and the right hand member of the last 
equation is the value of the remainder after the division is executed. 
The coefficients when connected with x will give the following 
equation. 

It will be perceived that these coefficients are formed by a very 
simple law : 

The first is equal to the first of the proposed equation ; 
the second is equal to the first multiplied by a, + A^ ; 
the third is equal to the second multiplied by a, -j- Aj ; 
the fourth is equal to the third multiplied by a, + A ; 
and the remainder is equal to the fourth multiplied by a, + Ao- 
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(15.) A horizontal arrangement is the most convenient in practice. 
A few examples will be given for exercise. 

EXAMPLES. 

1. Required the quotient and remainder resulting from the 
division of 

8a?* + 8ir«-lla<+6a?-19 
by 0? — 2, where a = 2 

A4 Ag An A Aq 

Coefficients 3+8-11+6 - 19 (2 

6 + 28 + 84 + 80 

14+17+40 + 61 

Hence the quotient is 

8a^ + 14a< + 17a? + 40 

and the remainder is + 61 

2. Required, the quotient and remainder resulting from the 
division of 

2i»8-29rre + a-7 

by a? — 7, where a = 1 



2 


29+1 - 7 
14 - 105 - 728 


(7 


The quotient is 
and the remainder is 


16 - 104 - 785 

2a!» - 15a; - 104 
- 735 





8. Required, the quotient and remainder resulting from the 
division of 

0^ - a?4 + aj8 - 18 a? -. 987 
by a? — 4 

1 + - 1 + 1 + 0-18 -. 987 (4 
4 +16+60 + 244 + 976 + 8852 

4+16+61 + 244+968 + 2866 

% 
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The quotient is 

.,.-. - 4 .»•* -h 15 .'- -^ 61 .r^ * 244 .r -I- 963 
and the renia'nJer i< H- 286-^ 

Bv this example we see that the vacant coefficients must he 
snpplit^ before proceeding to divide. 

4. Required, the quotient and remainder arising from the division 
of 

5 .r' - 17 .i-« - 13 .r - 10004 

by .r + 1, where ^ = — 1 

5 _ 17 -I- - 13 - 10004 (-1 

- 5 -h 22 - 22 -h 35 

- 22 -r 22 - 35 - 0969 
The quotient is 

5 .1-3 - 22 r^ •]- 22 .r - 35 
and the remainder is — 9969 

5. Required, the quotient and remainder arising from the division 
of 

3 .1^ + 18 ,v' - 60 y- - 360 .V - 1 

by .»• 4- 6, where a = — 6 

8 + 18 + - CO - 860 - 1 (-6 
-18+0 + 0+360+0 



0+0-60+ 0-1 

The quotient is 

3 .r» - GO .r 

and the remainder is —I 
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6. Required, the quotient and remainder arising from the division 
of 

• 2 .f^ - 1 • 07 .1^ + • 819 .1^ -11-2 .r -f 1 
by J" - • 03 

• 2 - 1 • 07 -h • 819 -11-2 +1 (-08 

• 006 - • 08192 + • 0086124 - • 885741628 



~ 1 • 064 + • 28708 - 11 • 1918876 + • 664258872 

Quotient 

= • 2 Uj8 - 1 • 064 .^-^ + • 28708 .r - 11 • 1918876 
the remainder is + • 664258872 

PROPOSITION VI. 

(16.) If a cubic equation has two imo^ary roots, and its 
coefficients are real, the product of the' two imaginary roots is 
positive. 

Demonstration, — ^If the coefficiejits ar^B: real, the two imaginary 
roots must have either the - form of a -h Oi V — 1, « — ^i \/ — 1> 
or the form of — a + Oi V — Ij — a — Oj V' .— 1 ; but the product 
of either of these pairs is positive ; hence the proposition is proved. 

PROPOSITION Vn. PROBLEM. 

(17.) To determine the composition of the coefficients of a cubic 
or biquadratic equation. 

Solution, — ^In proposition i. it has been proved, that an equation 
of the fourth degree, consists of four factors of the form of {x—a^ 
{ic—a^ {x—a^ {x—a^y each of which is equal to zero : and in the 
corollary of the same proposition, it is shown that, by successive 
division, the biquadratic equation can be depressed to a cubic 
equation ; the cubic to a quadratic equation. ; the quadratic to an 
equation of the first degree. Now the reverse process must neces- 
sarily elevate an equation from one degree to another ; that is, the 
product of two of the factors will be a quadratic equation ; the pro- 
duct of three factors, a cubic equation ; and the product of four 
factors, a biquadratic equation ; and so on ; as it is evident the 
property is general. 
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Let these multiplications be executed, and we shall have 

(a;-ai)(a;-a2)(a;-a3) == 

^-(«i + ^ + ^) ^^ + («i«2 + <h^+ (hfid ^-«i«»«B = 

(a;-ai) (oj-Og) Of-Os) (a;-a4) = 

.r*— (ai+asj+a8+a4)a^+(aia^+ (ha^+(ha^+a^a^+a^^+aT^^) ai^ 

The law of the formation of the coefficients in these three equations 
becomes at once very evident. 

In the quadratic equation, the second coefficient is the sum of the 
two roots wibh their signs changed ; and the final term is the product 
of the two roots. 

In the cubic equation, the second coefficient is the sum of the 
three roots with their signs changed ; the third coefficient is the sum 
of their products two and two ; the final term is the product of the 
three roots with their signs changed. 

In the biquadratic equation, the second coefficient is the sum of 
the four roots with their signs changed ; the third coefficient is the 
sum of their products two and two : the fourth, is the sum of their 
products three and three with their signs changed ; the final term is 
the product of the four roots. 

COROLLARY 1. 

(18.) If the coefficient of the second term of either of these 
three equations be 0, the sum of the positive roots must equal the 
sum of the negative roots. 

This is evident from the law of the formation of the second 
coefficient. 

COROLLARY 2. 

(19.) The final term of the cubic equation is divisible by any one 
of its roots ; or by the product of any two of its roots. 

The final term of the biquadratic equation is divisible by any one 
of its roots, or by the product of any two of its roots ; or by the 
product of any three of its roots. 

This is also evident from the law of the formation of the absolute 
term 
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PROPOSITION vin. 

(20.) If the coefficients of a cubic equation are real, it has at least 
one real root, of which the sign is contrary to that of the final term 
of the equation. 

De))io)istration, — ^If the three roots are positive, then by the law 
of formation of the final term (prop, vii.) it will be negative ; if the 
three roots are negative, by the same law the final term will be 
positive; if two roots are imaginary, their product is positive 
(prop. VI.) ; if a positive root is multiplied into this positive 
product, and the sign changed (prop, vu.), the final term will be 
negative ; if a negative root is multiplied into the positive product of 
the two imaginary roots, and the sign changed, the final term will 
be positive : therefore the proposition is demonstrated. 

PROPOSITION IX. 

(21.) If the roots of a cubic or biquadratic equation are known 
to be real, and the signs of the equation are alternately positive and 
negative, the roots are all positive. 

Demonstration. — ^Let a;" — (oi + a,) a? + Oj a, = be a general 
quadratic equation, formed by the multiplication of the two factors 
(x—Oi) (a;— Og), Oj and a^ being positive roots ; now if this quadratic 
is multiplied by a third factor x—a^f a^ being a positive root, the 
product will be a cubic equation with signs alternately positive and 
negative, as represented in proposition vii. If this cubic equation 
is multiplied by a fourth factor x — a^ , a^ being a positive root, 
the result will be a biquadratic equation with signs alternately 
positive and negative, as shown in the same proposition: now 
there is no other combination of real roots which can produce this 
form of signs : therefore, if the roots are known to be real, this 
alternate form of signs proves them to be all positive. 

PROPOSITION X. 

(22.) If the roots of a cubic equation whose second tennis absent 
are known to be real, two of its roots will have the same sign as the 
final term, and the remaining root will be of the opposite sign. 
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iJeinmiHtration, — 1. If two roots are positive the remaining root 
must be negative; for by proposition vii., corollary 1, the sum of the 
positive roots must be equal to the sum of the negative roots ; but 
if two roots are positive and one negative, their continued product 
with changed sign will be positive; therefore, (prop, vu.) the final 
term will be positive 

2. If two roots are negative and one positive, for the same reasons 
just given, the final term will be negative ; therefore, if the roots are 
known to be real, two of the roots must have the same sign as the 
final term, and the remaining root must be of the opposite sign. 



CHAPTER II. 

TRANSFORMATION OF CUBIC AND BIQUADRATIC EQUATIONS. 

(23.) Equations of all orders are susceptible of a great number of 
transformations : but only such as have an immediate bearing upon 
the numerical solution of equations of the third and fourth degrees, 
will, in the present chapter, receive much attention. 

To transform an equation, is to change it into another equation, 
whose roots have a certain given relation to the roots of the proposed 
equation : this can bo effected, although the roots of the proposed . 
and transformed equations, are unknown. It is often the case, that 
the roots of the transformed equation can be much more easily 
found, than tiiose of the proposed equation ; and when the former 
become known, the roots of the latter can be inmiediately derived 
from them. Moreover, transformed equations often discover to us 
the number of real and imaginary roots existing in a proposed 
equation, which will be found an object of great importance in 
practical solution. But one of the principal uses of transformation 
is the finding of the first figure of a root; and thus, in a very 
simple manner, solving a problem which has occupied the attention 
of mathematicians for several centuries, and upon which volumes 
have been written. But the utility of transformation will become 
much more apparent as we proceed, as exhibited in connection with 
the subjects to be elucidated. 

PROPOSITION I. 

(24.) If the alternate signs of the coefficients of a complete cubic 
or biquadratic equation are changed, conmiencing with the second, 
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the roots will be the Rame as those of the proposed equation, but 
with changed signs. 

Demmistration, — Let ic^ •\- k^ofi •\- K^ofi •\- Kx + A^ = (ihe the 
proposed equation ; assume u*^ = — a: ; now when x has any particular 
value, it is evident that —x^ will have the same numerical value 
but with a contrary sign; thus a;=— o^; substitute — o^ in the 
proposed equation, and we shall have 

{^x,y + A,(-.r,)» + K{-^iy + A(-:i^) + Ao = 

that is 

x^ - A^x^ + A^af^- Aii? + Ao = 

and if —x^ is substituted in a cubic equation we shall obtain 
x^-A^af^ + Ax — A^ = 

Thus it is proved that by changing the alternate signs of these 
equations, commencing with the second term, the signs of all the 
roots are changed, but not their numerical values. 

Let it be remembered that the equation must be made complete, 
if lacking any terms, before the alternate signs are changed ; for 
example : let it be required to transform the equation 

x* + Saf^ - 6x+7 = 

into another whose roots shall be numerically the same, but with 
contrary signs. The proposed equation, with the vacant term 
supplied, will be thus 

and the required transformed equation will be 

0?!* + 8 a^« -h 6 a?! + 7 = 

We will add another example. Transform the cubic equation 

af^ + 19 x+ 16 = 

into another whose roots shall be numerically the same, but with 
changed signs. 
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The proposed equation, with the vacant term supplied, is as 
follows : 

a^ + 0ir«+19a?+16 = 

The transformed equation is 

arj' + 19 0^ - 16 = 

COBOLLABT. 

(25.) If the roots of a cubic or biquadratic equation are known 
to be real, and the terms of the equation are all positive, all the 
roots wiU be negative. 

Demonstration. — ^In proposition ix, chap, i, it was proved, that 
when the roots are real, and the alternate terms of the equation 
positive and negative, the roots are all positive : and in this pro- 
position it is proved that the signs of the roots will be changed 
by changing the signs of the alternate terms, beginning with the 
second term : but to change the signs of the alternate terms will 
render all the terms of such equation positive ; therefore, if the 
roots are real, and all the terms positive, all the roots will be 
negative. 

PBOPOSITION n. PROBLEM. 

(26.) To transform an equation, say of the fourth degree, into 
another whose roots shall be equal to those of the proposed equation 
multiplied by a given quantity. 

Let j^ + Aj, iH* + Ag d:2 -^- A A* + Ao = bo the proposed equation. 
It has been proved in art. (17.) that A^ is equal to the sum of the 
roots with changed signs, that A^ is equal to the sum of their 
products two and two, that A is equal to the sum of their products 
three and three, and that A^ is equal to the product of the four 
roots. Now it is required to multiply each root by a given quantity 
7n ; execute the multiplication in each coefficient ; thus 

moi -|- ma^ + &c. = //* A, 

moi X 7na^ + ma^ x tna^ + &c. = m' Ag 

TWOj X ma^ X tna^ + mai X ma^ x ma^ + &o. = m" A 

inoi X wog X wwTs X ^'*^4 = w* Ao 
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Tho transformed equation will therefore become 

^V + ?n A« a-i* + w/9 As -V + m^ A or^ + m* A^ = 

m may be any quantity, positive or negative, fractional or integral. 
It is also evident that this law is general, and applicable to equations 
of all degrees. 
As an example, let it be required to transform the equation 

a^-11 a:« + 28^- + 85 = 

whose roots are — 1, 6, and 7, into another whose roots shall be 
twice as great. 

Multiply the coefficients by 2, 4, and 8, and the transformed 
will be 

a* - 22 .i-2 + 92 ,v + 280 = 

the roots of which are — 2, 10, and 14, as may be proved by 
substituting each of these numbers for a*. 
Again, transform tho equation 

jn _ 63^. -I- 162 = 

whose roots are 8, 6, and — 9, into another whose roots shall be 
only one-third as great. 
Supply the vacant term 

.^^ _|- .a« - 68.r + 162 = 

Multiply the second, third, and fourth terms respectively by J, 
g, and 2*7, and ^yc shall obtain the transformed equation, 

.r'' - 7.r + 6 = 

whose roots are 1, 2, and — 8, being only one-third of those of 
the proposed. 

(27.) It is often desirable to r^daco the coefficient of the leading 
term to unity; but ^hen this u done by common division, it 
frequently renders a pait or all of the other coefficients fractional : 
to avoid this, multiply the roots by a qrantity m equal to the first 
coefficient, and then divide by this coefficient : or, which amounts 
to the same thing, multiply the third term by m, the fourth by w^, 
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the fifth by m^, and so on, and merely remove the coefficient of the 
first term : the result will give an equation whose roots are m times 
as great and whoso coefficients are integral. 

(28.) By this method all firactional coefficients can be easily 
removed : first, find a common multiple of all the denominators ; 
and secondly, multiply the roots of the equation by this common 
multiple. For example, transform the equation 

a^ - J a-'^ + J.f - J = 

into another whose coefficients shall be integral. 

In this case, the common multiple is 6 ; hence multiply the roots 
by 6, and the result will be 

.,-« _ 3.^.3 + I2.r - 86 = 

(29.) Decimals may be removed from the coefficients without 
altering the value of the roots, by simply multiplying each term of 
the equation by 10, or 100, or 1000, &c. ; that is, the multiplier 
must contain the same number of cyphers as the highest number of 
decimals in any coefficient : as, for instance, remove the decimals 
from the equation 

•012a;* + 18-5a.-3 - l-4f2 + -21^; -6 = 

Multiply each term hy 1000, and the result will be 

12a?* + ISSOOa.'S - 1400.f2 + 210.*; - 6000 = 

This is the same as removing the decimal point three figures to 
the right, which is equivalent to expunging it. The roots of this 
equation are the same as in the proposed. But if it be required to 
reduce the coefficient 12 to unity without introducing fractions, then 
the roots must be multiplied by 12 ; that is, the third, fom-th, and 
fifth terms must be multiplied respectively by 12, (12)-, and (12)-^ 
(see art. 27), expunging the leading coefficient. 

PROPOSITION in. PROBLEM. 

(80.) To transform an equation into another the roots of which 
shall be greater or less than those of the proposed equation by any 
given quantity. 
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The method about to bo explained is general ; but it may be more 
simply illufltrntcd by selecting an equation of some specified degree ; 
say, for instance, that of the fourth degree, namely, 

A^jT* + h^ '+ Lgxf^ + Aj; + Ao = 

Let this be the proposed equation ; and let it be required to 
transform it into another equation of the same degree, but whose 
roots shall be greater or less than those of the proposed by some 
given quantity \\ Let the roots of the transformed equation be 
represented by ,x\ it is evident that 

x' -\- r =^ X 

consequently x' = x — r 

By this last equation it will be seen that when r is positive, x' is 
less than x by the quantity r ; but when r is negative, x' will be 
greater than x : the minus sign before r refers only to its numerical 
coefficient or unity. 

Let the transformed equation, by substituting x' + r for x, be 

A^ a?'* + A's a;'8 + A\ x'^ + K' x' + A'o = 

Substitute in this x — r for x', and we shall have 

A, (a; - ry + A'a [x-rf + M, {x--rf + M {x--r) + A\ = 

A^x^ + A^x^ + A^xf^ + Ax + Ao 

All the coefficients of this second member of the equation are 
known ; but those of the first member, with the exception of A^, are 
unknown. Now it is evident that if the first member be divided by 
X — r, the remainder will be A'qI but as the two members are 
identical, the same remainder must result from dividing the second 
member by a? — r : let this division be executed ; the remainder 
will be A'oj and the quotient will be 

A {^-ry H-A'a {x-ry + A'^ (x-r) + A' 

Also dividing this by a? — r, we obtain for remainder A', and for 
the quotient 

A, {x-ry + A'a {x--r) + A\ 
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Again dividing this latter by u? — r, the resulting remainder is A'g, 
and the quotient 

And finally dividing this by a; — r, we have for the last remainder 
A'g, and for the final quotient A^. 

Thus all the coefficients of the transformed equation, namely, 
A4, A'g, A'2, A', A'o become known; being obtained by the simple 
process of successive division by a^ — r, . 

An easy method of performing these divisions is given in articles 
(14) and (15). 

For this superior and expeditious method of finding the coefficients 
of the transformed equation, the author is indebted to an excellent 
work on the Cubic Equation by Prof. J. R. Young. 

EXAMPLES. 

1. Transform the equation 

a,-3 ^ 8j72 + 5a; - 20 = 

into one whose roots shall be the roots of this increased by 8. 

A^ A^ A. Aq 

1 — 8 + 5 — 20 (— 8 = r, r being negative 
-8+18-69 

A' = - 89 



- 6 


+ 23 


- 89 •.• I 


- 3 


+ 27 




- 9 


+ 50 


:• A' = 50 


- 8 







-12 V A\ = - 12 
Hence the transformed equation is x'^ -12^/2 + 50a;' — 89 = 
2. Transform the equation 

into another whose roots shall be less than the roots of this by 2. 
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1 — 4 — 1 -|- 3 (2 = r, r being positive. 
2-4 - 10 
- 2 - 6 
2 

2 



ya + 2:r'2 - ey - 7 = 
8. Transform the equation 

into another whose roots shall bo the roots of this diminished by 1. 
1 + 1-1 + 1- 10 (1 

2 + 1 + 2 
J^+^+4 

3 + 4 
^+4 

4 
1 



a?'* + 6 a?'« + 8 aj'2 + 6 Jj' — 8 = 

4. Transform the equation 

2 a,** - 16 a^ + 7 a;2 + 10 u; - 100 = 

into one whose roots shall be the roots of this diminished by 2. 

2 - 16 + 7 + 10 - 100 (2 
4 ^ 24 - 34 - 48 

- 12 - 17 - 24 

4 - 16 - 06 

- 8 - 83 
_£- 8 

- 4 
4 



2 a/* + ic'a - 41 x'^ - 90 a?' - 148 = 
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5. Traosfoim the eqnatioa 

2a?*-8a:» + 12a^-8a?+8= 

into another whose roots shall be the roots of this diminished by 1. 

2-.8 + 12-8 + 8(l 
2 - 6 + 6 - 2 

- 6 + 6-2 
2 - 4 + 2 

-4+2 
^- 2 

- 2 
2 



2 ;f'* + ;r'8 + y« + a-' + 1 = 
that is 2 a?'* + 1 = 

6. Transform the equation 

X = a?8 - 12.C2 + 0? - 1 = 

into another whose roots shall be the roots of this diminished 
by20- 

1 - 12 + 1 - 1 (20 

20 + 160 + 8220 







8 


+ 161 














20 


+ 560 
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X, = 


20 














a'» + iSj/i + 721...' 


+ 8219 = 







7. 


Transform X, = 0, 


or the resulting equation 


just 


obtained, 


into 1 


an equation whose roots shall be the roots of this diminished 


byl. 




1 + 48 

1 

49 

1 
50 

1 


+ 721 

+ _11 
+ 770 
+ 50 


+ 8219 
+ 770 


(1 







X„ = a!"« + 51a/'> + 820y' + 8989 = 
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8. Transform X^^ = into an equation whose roots shall be less 
than this by *d. 

1+61 +820 + 8989 (-8 

^ + 15-89 + 250-617 

51-8 + 885-89 

•8 + 15-48 



51-6 
8 



X,,, = x^"^ + 51-9y"«+ 860-87^" + 4289-617 = 

The roots of X,,, = are equal to the roots of X = (Ex. 7) 
diminished by 21-8. 

The student should make himself familiar with this class of 
transformations, as he will find the method of great utility in the 
numerical solution of equations of all orders, and especially in the 
solution of equations of a higher degree than the biquadratic. 

PROPOSITION rv. PROBLEM. 

(81.) To transform an equation into another whose second term 
shall be absent. 

If the equation is of the Ttth degree, reduce the coefficient of the 
leading term to unity, art. (27.), and then proceed to diminish the 
roots by minus the n\h part of the second coefficient, according to 
the method given in proposition m. 

EXAMPLES. 

1 . Transform the equation 



j» _ 16a^ + 4r - 7 = 




into another whose second term shall be absent. 




1 _ 15 + 4 - 


7 (5 


5 - 50 - 


280 


- 10 - 46 




5-25 
- 5 




5 





Transformed equation x'^ + 0^?'^ - ^Ixf - 287 = 
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In this example the equation is of the third degree ; therefore 
n = 8. Hence minus the third part of — 15, the coefficient of the 
second term, is equal to + 5, which is the amount hy which the 
roots are to he diminished. 

2. Transform the equation 

into another in which the second term shall he ahsent. 

1+6-2 + 1 (-2 
_ 2 - 8 + 20 

4 - 10 
- 2 - 4 



Transformed equation .r'a + O.r'2 _ 14.,.' + 21 = 
3. Transform the equation 

.?•• - 12jc^ + .»•=* + 17.1- - 84 = 
into another whose second term shall he ahsent. 

1 - 12 + 1 + 17 - 84 (3 

_3 -_27 -IS - 183 

-9 -26 - 61 

^ _ 18 - 132 

- 6 - 44 
_8 - 9 

- 3 
3 



Transformed equation ,v'* + 0.i/« - 58j/~ - 198.r' - 207 =0 

If the coefficient of the second term is not divisible by 11, the 
highest power of the leading quantity, and if it is desirable not to 
introduce fractional coefficients, multiply the roots by ??, art. (26.), 
after which divide the second coefficient by minus n, and proceed 
to diminish as above. The roots of the second transformed equation 
will be those of the first transformed equation diminished by the 



+ ''2 + 


a^ =0 


+ «1^8 + 


^'2^8 = A 


^A^B 


= - A, 
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minus nth part of its second coefficient ; and the roots of the 
first transformed equation \vill bo those of the original equation 
multipHed by n. 

PROPOSITION V. PROBLEM. 
82. Required to transfomi the equation 

x^ + Aj; + Ao = 

into another, the roots of which are three of the differences of the roots 
of the proposed equation. 

Let r/j , (f.^ , /A, , denote the roots of the proposed equation ; then, 
by articles (17.) and (18.), 

a^a^ 

Squaring the first of these equations, we have 
^2 + ^^8 + a^^ = - 2A 

Now there are six differences between the roots of all cubic equa- 
tions ; consequently the roots of the required transformed equation 
must be three out of the six differences. Let the six differences 
be as follows : — 

1st . . . a.^ — a^ 4th . . , ^1 — ^'2 

2nd . . . ^1 — ^8 5th . . . a^ — a^ 

8rd . . . a^ — a^ 6th . . . ^2 — ^3 

Either the first or the last three may be selected ; the result will 
be the same, but with contrary signs. Let the first three, for 
instance, denote the roots of the required transformed equation ; 
then we shall have for the sum of the roots 

(flj - rti) -h (rti - aj) -h {a^ - «,) = 

for their products two by two 

(^2-«i) (''i-^s) + (^2-^1) (^8-^2) + (^'i-^s) K-^2) = 
- (^l"* + «2^ + ^8~) + ^1^2 + ^'1^8 + (^i^h = 8 A 
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Thus all but the final term of the transformed equation of differ- 
ences becomes known. To obtain the absolute term, wo must find 
the equation of the squares of the differences, firom which the final 
term of the required equation is easily derived. 

The three roots or squares of the differences will be 

K-«i)*, («i-«8)S {on-^^y 

now 
{a.-a^Y = ^8^-2 n^a^ + a{' = a,^ + a^^ -f ^(,2 - 2 ^v'l - ^'s^ = 

if being one of the roots. Substitute in this last equation x for a, 
and we have 

y«= -2A-f-^-a^ 
that is :r8 + (2 A + 1/8) a- - 2 Ao = 

the proposed is rr^ + A.t + Ao = 

From these two equations eliminate ^r by subtracting, and we obtain 

8Ao 

Substitute this value of a; in the proposed equation, and reduce ; the 
result will be 

y« + 6Ay* + 9A2y8 + 4A« + 27 V = 

This is an equation of the squares of the differences : though of the 
sixth degree, yet there are only even powers of the unknown quantity 
involved : if having three values, namely, the squares of the three 
differences. Therefore by making if = y, and substituting, the 
equation will become of the third degree. 

Now the absolute term is equal to the product of the squares of 
the differences with their signs changed, (art. 17.) Hence we 
have 

- (a3-a,)a {(h-a^f {(h-<f = 4 A' + 27 A^* 
and {(h-<hY {(h-<hf {(h-^f = - 4 A8 - 27 Ao^ 



therefore (og-^) («i -^b) K-^a) = ± \/ - 4 A^ - 27 Ao« 
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Thus WO havo found the final tenn of tho equation of differences. 
And we have proved above that the sum of the terms is equal to ; 
and that the sum of the products two by two is equal to 8 A ; there- 
fore by substituting these coefficients the equation of differences will 
stand as follows 



?/»+ 8A?/± i/-.4A8-27Ao« =0 

When A is positive, both terms under the radical sign become 
negative ; hence the final term is imaginary. 

When A is negative, — 4 A^ becomes positive ; but if less than 
— 27 Ao^ , tho final term is still imaginary : but when A is negative, 
and — 27 Ao* is less than — 4 A», the final term is real. . 

(88.) This equation, discovered by the author * about five years 
ago, is one of the highest importance in simplifying the numerical 
solution of the cubic and biquadratic equations. If the equation has 
been discovered by others, the author is not aware of it ; certain it 
is, that no mention of any such discovery is to be found in the 
mathematical works which have come under his observation. 

The great value of this equation in detecting imaginary roots, in 
finding the first figure of a root, and in numerous other inquiries, 
will become abundantly manifest at a fature stage of the work. 

PROPOSITION VI. PROBLEM. 

(84.) Required to trarisfonn the equation 

X = a.-8 + Ao; + Ao = 

into another the roots of which are the second differences of the roots 
of the proposed equation. 

In proposition v. we found an equation of first differences, namely, 



Y = y^ + Sky ± V - 4 A» - 27 Ao« = 

It is evident, if we transform the equation Y = into another, 
say Z = 0, whose roots shall be the differences between the roots 

* The Equation of Differences was also diacoTered about the same time by my son, 
Orson Pratt jnn., of Utah -Territory, U.S.A. ; each being oniuformed in regard to 
the other's discovery, as I was at the time in New York city, about three thousand 
miles from him. V7e exchanged letters upon the discovery of nearly the same date. 
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of Y = 0, that the roots of Z = will be the second differences of 
the roots of X = 0. 

Let Y = receive the specified transformation ; thus 



Z=r z' + 9Az± \/- 4(8A)8 - 27(>v/ -4A8-27V)* = 

that is 53 + 9 A ;? ± 27 Ao = 

This is an equation of second differences between the roots of 
X = : but if this be compared with the proposed, it will at 
once be seen, that the roots of the equation of second differences 
are the roots of the proposed equation multiplied by three. 

PROPOSITION Vn. PROBLEM. 

(85.) Required to transform the equation 

Y = f + Ay + A^ = 

into another in which the di^erences of the roots shall be equal to the 
roots ofY = 0. 

It is evident that this is the reverse of proposition v. 

Let the required transformed equation be 

X ^ a^ + A'x + A'o = 

Transform this into the equation of differences, and we have 



X' = x'^ + 8 A' or' ± i/ - 4 A'-^ - 27 A'o« = 

Now we have the two identical equations Y = and X' = ; 
therefore, by equating the coefficients, we obtain 

A = 8A' 
and 



therefore A' = g 



Ao= ± V'-4A'8- 27AV 
A 
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substituting A« =-- ± v' - 4 f^^V ^ 27 AV 

hence A'„ =-- ± -^^ ^ - 4 A« - 27 'V 



therefore X = .*•« + -^ .r ± ^y v/ - 4 A« - 27 Ao« = 

This is the required transformed equation. This equation will 
also be found very useful in obtaining the two remaining roots of an 
equation after one is known, as \nll be illustrated hereafter. 



CHAPTER m. 

REAL AND IMAGINARY ROOTS. 

(36.) In the future part of this treatise, we shall, as a general 
thing, drop from the equations Y and Z the use of the capital letters 
Ao , A , Aq , &c. as not heing quite so convenient as smaller ones. 
And in their place we shall adopt the letters b and c , and b^ and c^ : 
thus Y = y^ + by + c = 0: and for its equation of differences 
Z = sfi + biZ + Ci-0. 

PROPOSITION I. 

(87.) A cuhic equation, whose second term is wanting, cannot 
have one imaginary and two real roots. 

Demonstration. — The roots of every equation, wanting the second 
term, are so related that each root is the sum of the other two vnih 
their signs changed, articles (17.) and (18.) ; hut the sum of two real 
roots is real ; therefore, such an equation cannot have one imaginary 
and two real roots. 

PROPOSITION II. 

(88.) If a cubic equation, lacking the second term, contains 
imaginary roots, and b and c are real, and either positive or 
negative, the equation can have only two imaginary roots. 

Demonstration, — Let p be the product of any two of the roots ; 
let s be the remaining root : then 

b z=z 2> - «*-* 
and c — jis 
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If either p or h is imaginary, and the other factor real, c will 
become imaginary ; but by h\'pothesis c is real ; therefore p and s 
must both be imaginary, or both be real : suppose both imaginary, 
and let 

p z=z a + ai V — 1 
and H= a — Oi V — 1 

then c= ps=z a^ + Gt^ 
and hzzip -^ H- = a -|- ^i \/ — 1 — a* + 2rt«i v^ — 1 + «r ; hence, 

/; is imaginary ; but by hypothesis h is real ; therefore p and s 
cannot both be imaginary- ; hencjB, as proved above, they must both 
bo real ; therefore «, which is one of the roots, must be real : and 
as the equation cannot, by the last article, contain two real roots, 
the other two, whose product equals p, must be imaginary. 

PROPOSITION in. 

(39.) If a cubic equation whose second term is wanting contains 
imaginary roots, and b is real, and either positive or negative, and c 
imaginary, and either positive or negative, the equation must have 
three imaginary roots. 

Denwnat ration, — Let p = the product of any two of the roots; 
let a = the remaining root : 

hence b = p — s^ 

c = ps 

If any one of the roots s is real, p must be imaginary, when c is 
imaginary ; and if ^ is imaginary, b must also be imaginary ; but by 
hypothesis b is real ; therefore s cannot be real ; therefore the equa- 
tion must have three imaginary roots. 

PROPOSITION IV. 

(40.) If a cubic equation contains imaginary roots, its equation 
of differences will also contain imaginary roots ; and rice versa y if 
the equation of differences contains imaginary roots, the proposed 
equation will contain imaginary roots. 
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Demonstration. — ^The number of differences between the three 
roots is six ; three positive and three negative ; but an equation of 
differences can be formed, consisting of only three of these differences 
as roots, art. (32.) If the roots of the proposed equation are real, 
any three of the differences will be real. If two or three roots of the 
proposed equation are imaginary, some of any three differences must 
be imaginary : for though the difference between two imaginary roots 
may be real, yet the differences between either of the two and the 
remaining root, which is the sum of the two with the signs changed, 
articles (17.) and (18.), must necessarily be imaginary. 

And vice versa, if the equation of differences have two or three 
imaginary roots, the proposed equation will have imaginary roots ; 
for the equation of second differences will, according to the above 
reasoning, have imaginary roots ; but it has been proved, art. (34.), 
that the roots of an equation of second differences are three times 
the value of the roots of the proposed equation ; and therefore, if 
any of the former are imaginary, some of the latter must likewise be 
imaginary. 



CHAPTER IV. 

EQUAL ROOTS. 
PROPOSITION I. 



2 1/ - 58 
(41.) When c = ± -^ 7"^"" » ^^*^'* 



2 \/ - ^ 
Y, = f + by ± -3-^7^ = 

wiU be a general equation for two equal roots. 
Demonstration, — ^Transform Y, into Z ; thus 



As the quantity under the radical sign reduces to 0, one of the 
roots of Z must be ; therefore, the difference between two of the 
roots of Y, is equal to ; therefore two roots must be equal ; there- 
fore Y, = is a general equation for two equal roots. 

COROLLARY 1. 

(42.) If ft, in equation Y, = 0, is real and negative, and the 
absolute term either positive or negative, then equation Y, = will 
not only have two equal roots, but all three of its roots will be real. 

For as the coefficients of both Y, and Z are real, the roots must 
be real. 

The roots Y, = are ± V -^ , ± V - -1 , T 2 v^ — |- 



EQUAL BOOTS. 85 



The roots Z=:0are0,±\/-86 

{b being negative, the above values under the radical are positive 
quantities.) 

COBOLLABT 2. 

(48.) If b, in equation Y, = is real and positive, and the 
absolute term either positive or negative, then the equation will have 
three imaginary roots, two of which will be equal. 

As ft is real and the absolute term of Y,= imaginary ; therefore, 
by art. (89), Y, = has three imaginary roots. 

TherootsofY, = Oare±v^-A, ±V^— |" ' ^^ ^ — g" 



The roots ofZ = OareO,± V - Sb 

(By hypothesis b is positive, therefore g- is negative.) 



COROLLARY 8. 

(44.) If ft, in the general equation Y, = 0, is imaginary, and 
either positive or negative, and the absolute term either positive or 
negative, then the equation will have three imaginary roots, two of 
which will be equal. 

For the two equations Y, and Z will become 



2 /- (ft v^- ly 



Y = y. + ft^-l,± 3^3 



Z = «8+8ftv^-l z±' 



The final term of Z = is ; therefore the equation Y, = 
has two equal roots ; and the final term of Y, = being imaginary 
the equation has three imaginary roots. 

The roots of Y, = are 
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The roots ofZ = OareO,± V - ^b V + V - I 

(45. The same relations exist, if b consists of two terms, one 
real and the other imaginary. 



EXAMPLE. 



^, . ^ + («, + , ^^) , ± V_rJY3^^.zi)' = 0. 



The roots of which are 



^/7K 



±bV-l) 



8 



V^^i£. 



+ b V- 1) 



3 



We have also 

Z = «8+ 8 (o,+ b V"^^) z 

the roots of this are , ± V — 8 (a, + 6 v^ — 1) 

The same relations exist if 6 in the general equation Y^ consists 
of any number of terms, real or imaginary, positive or negative, 
powers or roots. Indeed, it has already been demonstrated that 
the proposition is general ; but the above corollaries and example 
may serve to impress its generality more forcibly upon the mind. 

(46.) If & in the general equation Y, becomes 0, both y" and «• 
each become = ; therefore, each have three equal roots equal to 
nothing. « 
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PROPOSITION II. 

(47.) WTien A^ , in tJie general equation 

X = a^ + ^ + Aa? + Ao = 0, 



8 



complete cubic equation 

^ . . 9A.A-2A.«±2(-8A + V)* ^ 
Xi = aj8 + A^+A;r+ -^^ ^^7 ^^" = ^ 

contain two eqtud roots. 

Demonstration, Transform X = into an equation whoso second 
term is absent (81), and we shall have 

Y = 2/B + (A - iA««) y + 1^ A,3 - jM^ + Ao = 



By prop. I. we have c= ± ^ ^^ - = ^^ A^^ - J|- + Ao 



Bestore the value of V — fr** = v^ (— A + ^^,2)3 in the above, 
and we obtain 

_ . 2i- A + iA,»)^ ^_2 _A^ 

Wore A. ^ 9M-2V±2(-8A + A,f 

take away from Xj = its second term and we have 

s 

Y = y» + (A - i A,*) y ± ^^" ^8^8^'^' = '^ ' *^' 

(prop. I.) contains two equal roots; and therefore the original 
equation Xj = 0, from which Y = was derived, must contain 
two equal roots. 
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The roots of X, = are 

A. ^ / A- jA,^ 

^+ / ^-tv 

•'= — 8 * V ~ 8 

A, , / A - t A,^ 
'--"3"^-V 8 

r=-^±-|-(-8A + A,')* 

X = - ^ ± 4" ^~ 8A±M* 
•«-=-4^T-|-(-8A+A.')* 



or 



CHAPTER V. 

CUBE ROOTS. 
PROPOSITION. 

(48.) If the coefficient 6 in the general equation Y, becomes 
= 0, and c is either positive or negative, fractional or integral, 
real or imaginary, or consists of either powers or roots, then Y = 
y8 ± c = 0, will have the following general values for its roots. 

The two equations become — 

Proposed equation Y = y^ ± c = 



Equation of differences Z = «» ± V — 27 c« = 
or Z = ;58±8V8c V^ = 

The roots of Y for the Upper sign will be 



2" ^^-^' T""*"T 






Forthelower sign,- -^+-^V-8, -4—4- ^-S» + ^* 



UppersignofZ,+c' V-S.-g-- -^^/-S,- — - _ y'.s 



1 ft y.8 c* 8 c* c* 

LowersigtiofZ,-c»^_8,--2-+-2-v-8,^ + — v^_8 
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Deniomtration. — ^If any one of the values of Y or Z be snbsti- 
tutod for y or c in their respectiye equations, Yor Z will be reduced 
to nothing ; therefore these values must be roots. Or, the sum of 
each of the three roots of each equation is = ; the sum of their 
products taken two and two is = ; and their continued product 
with changed signs is = the absolute terms of the respective 
equations; therefore, they are the cube roots of the respective 
equations Y and Z- 

Thus it is proved that every real number has three cube roots, 
two of which are imaginary: and it is also proved that the 
differences are all imaginary. 

COROLLARY 1. 

(49.) If, in equation Y, c is imaginary, and of the form of 
<• v/ — i, then Y will have three imaginary roots, and Z only two 
which are imaginary, and one real. 

The two equations become 



Y = y8±oV-l =0 



Z = ;58 ± V - 27 (c v' - i)2 = 
or y = q: (c V — 1)* 



and ;^ = q: v' 8 . r* 



or y = ± c*V - 1 



z =z ^L c*\/ 8 
The roots of Y, by the general formula, are 

:((£_fi)t^-T)V-Z!),±'<i^,^+^V4'<"*'^>* 
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The roots of Z are 



- = ± o" — o V —0/ , 



.= T(l'^V-^^'/r 



8 



But ± (c V — 1) \/ — 8 = ± c \/ 8 which is a real quantity, 
as deduced directly from the equation Z : all the other roots are 
imaginary' : each of those consisting of two terms, have one term 
real and the other imaginary ; therefore the corollary is proved. 



COROLLARY 2. 

(50.) If, in equation Y, c is imaginary and of the form of 
a, + c V ITi , then both Y and Z will each ha^e all their roots 
imaginary. 

Demonstration, — The two equations become 

Y = i^±{a,+ e V^Tl) = 



and Z = s» ± i/ — 27 (a, + c \/ — 1)2 = which reduce to 

i 

y = ^1 {a, + c V - 1) 

i 

By the general formula the roots of Y and Z become 



V = ± ( (g. + c V - 1) { a^ + cV^l) ,~^-^^ 
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„ = J {a, + c V - 1)* (a, ±cy^ 1)* ^ _ 8^ 



.V= T K + r ■Z'^^)* 

*-*^ 2 2 ^ 



.^(iii 



V + -^ ■^ - .1)* . K + g a/ - 1 )* 



2 +^-"^-1 ' ^-« 



These roots are all imaginary ; therefore the corollary is proved. 

(61.) These two corollaries demonstrate that there are two 
classes of imaginary quantities ; one of which has a real cube root ; 
while the other has all of its roots imaginary. It will also be 
perceived, that if a, and c are any quantities whatever, either real 
or imaginary, positive or negative, fractional or integral, roots or 
powers, that the same relations must exist, as have been already 
demonstrated in the proposition. Or if c = 0, both Y and Z 
become ; hence the three cube roots and their differences become 
equal ; each being = 0. 



CHAPTER VI. 

REAL AND UNEQUAL ROOTS. 
PROPOSITION I. 

(62.) When the coefficients of the equation of diflbrcnces of 
a proposed cubic equation are real, the three roots of the proposed 
equation are real. 

For the demonstration of this proposition see article (40.) 



PROPOSITION II. 

(58.) //', in (I cubic equation whose second term m wuntiuff, h in 
real, and if the equation contains three unequal real roots, or three 
imaginarij roots of a simple form, it will admit of a f/eiieral solution 
in terms of its coefficients, crpressed in the form of u series, 

DemonstratUm, — ^First, the equation for real roots will be 
Y = y8 + % + {? = 0;in this h is negative. Assume z equal to 

one of the diflferences between two of the roots of Y : let— ^ = r : 

V 

then z = ry, and y + z = y + /•// = (/• -f- 1) i/ = a second 
root ; and —y — {r + 1) y = — (r + 2) // = the remaining root : 
thus we have the form of the three roots as follows : 



y» ('• + 1) y, - {r + 2)y 
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The sum of the products of these, taken two and two, are 

that is |( r + 2)' - (/• + 1)1 y'^ = ^ b 

therefore y = ±^ ^--^^^±^^^ .... (1) 

To find the value of (r + 2) (r + 1), take the continued product 
of the three roots, which, when the sign is changed, will equal c : 

thus |(r + 2) (r + 1)| y3 = ^ 

square both members \{r + 2) (/• + 1)1 if = d^ 

also \{r H- 2) (r + 1) + l|V = - ^ 

divide {(>- + 2)0-4-l)-hir^_^ 

{(,• + 2) {r + 1)}^ ^ 

by reduction we obtain 

[{r + 2)ir + 1)]'+ j^ + s) (. + 2)(,+l) = - 8 -(^27(7+1) 

therefore 

<-^)<-')=^K-^V(4-(-^-)'-«-(^(^) 

and by substituting the value of (r + 2) (r + 1) in the denominator 
of the fraction in the right hand member of equation (1), and 
adding 1 to both members we have 
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SeecHidhr, the equation lor three imagmazy roots of a simple form 
will hare b positire and r imaginaiy : thus Y = y* -}- 61/ -j- c V^ — 1 
= 0. It will be foond, by the same process of demonstration used 
abore, thai 

|(r+2)(r+l) + l|y = 6 

«^ j(r+2) (r+1) J y» v~i = + f >/~l 

^,(r+2)(r-hl) + l}'_ J^ 



therefore 



'(r+2)(r+l):-* 



Li 

Therefore as both b and — - are poddTe and real q[uantities, they 

must be substituted in formula i., for — 6 and — — to obtain that 

part of the root which is to be prefixed to v^ — 1 : thus the proposi- 
tion is proved, both for real and for a certain form of imaginary 
roots. 



FBOPosmoN m. 

(54.) If 6 is real, and c = ^ "" , and if the equation con- 

o y o 

tains three real or three imaginary roots of a simple form ; then the 

. - ft* 6» 
ratio of — — = J ; b^ and c, being the coefficients of the 

equation of differences ; and the ratio of each will be equal to 18 * 5. 



Demonstration. — ^The proposed equation will be 



^ ^ ^ 8 ^/ 8 



and the equation of differences 
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that is 

therefore ^ = - ^ - -^ = 18 • 6 ; 



V 8 1/3 j 



(i/ - 2^) 



5» 6» 
that is - -r-= V = 13- 6 



When b is positive, c^ or c,^ is negative ; when b is negative, ^ or 
c,* is positive. 

COROLLARY 1. 



(56.) When t-<18-5, V>1^*S; a^<l '''^^ ver.fty 

when ^ < 18 • 5 , > 18 • 5 



Demonstration, — ^If c in Y be increased, c, in Z will be diminished 
but to increase c will diminish the ratio of — below 18 • 5 



and as c, diminishes, the ratio of 7^ must increase above 18*5 

b^ 
and also if c, be increased, the ratio of j will fall below 18 • 5 

but as c, increases c diminishes : therefore the ratio of — rises 

' cr 

above 18 • 5. 

(56.) By reference to formula i. prop. 11., it will be perceived, 

that the greater the ratio of -^ , the more rapidly the formula 

converges : and by the corollary in this proposition it is demonstrated 
that the coefficients of either Y or Z, in all equations which can 
occur, will furnish a ratio not less than 18 * 5. 
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COROLLARY 2. 

(67.) When the three roots of the proposed equation Y=0 are 
real, the equation wUl admit of a general solution. 



Demonstration, — The proposed equation will be 



Y=^ + ty±^^=0 



transform intoZ = «8+ Sh z ± / ^il/^-27(.^—^y= 



that is Z = «8+ Sbz ± V-2Z^ = 

Multiply the roots of Y = by V' 8 and we obtain 



Y'=2/'8 + Sby' ± \/-2b^ = 

Thus it will be seen that Z and Y' are identical equations ; 
therefore z = V 8 y ; but z is one of the differences between the 
roots of Y = ; therefore the three roots of Y = become, article 
(58), 

±y, ±{1 + V S)y, ^:{2+ VS)y 
the sam of the products of these taken two and two are 

therefore y= ±J - g + 3 v^ "3 

therefore we have the three roots as follows : 

b 



y = ±^-6+- 



8 v' 8' 



y=±(i+V8)^- e^^^3 , 
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These roots mnltiplied by V 8 will give the three roots of Z = 
or the three differences : thus 

--±./- ' 



\/ 2 + V » ' 
= ±(1+ V8) /-. 



\/ 2 + V 8 • 



+ V 



'K/ 



2+ V S 



When by in equation Y = 0, is negative, the formulas for the 
roots are positive, and consequently the roots are real ; but when h 
is positive in Y = 0, the formulas are negative, and the roots are 
imaginary. 

K the roots in equation Y = be multiplied by any quantity 
whatsoever the same relations will hold, and the equation can be 
solved in terms of its coefficients : for instance, if V 6 + B v B 
be used as a multiplier, the three roots of Y = will become 

// = ± v/ - ft , 

// = ± (1 + v/8) V - h. 
,/ = ip (2 + V 8) V - /> . 
and the roots of Z will be 

z= ±^ ^ 'J -h, 

;5= ± v/8(l+ V^S) ^/ - /;, 

- = ip >v/ 8 (2 + v/ 8) V - /> . 

When /> in Y = is negative, — h in the formulas for the roots 
is positive. 

This same property is also applicable when the three roots are 
imaginary, and of the form of a \/ — 1. It will be shown hereafter 
that some important consequences grow out of the foregoing proper- 
ties, enabling us to obtain numerical solutions by a method entirely 
new. 



50 BBAI. A3n> UXBQUAL BOOTS. 

couoixai;t s. 

(o8.) i/ A« = giy » 

f^« general equation becomes 

X = ^ + A, ;r. + Ax + ?AAziii^!>l3A±V)io , 

anci triU admit of a general solution. 

Let X = be transfonned into an equation whose second term 
shall be absent (31.), and we shall have 

Y = ,/. + (A - J A,n ./ ± ?t^^;^iM!= 0. 

therefore 

Z = s« + 8(A -iiL«)c±2*( - A + iV)^= 0. 

For these coefficients substitute b and c , b^ and c, and we shall 
have 

— = 18-5, and --^ 



- -r = 18-5,and -^ =18-6 



Hence, by cor. 2, prop. m. the roots of Y = will become 



y = ±y/- 


A-iA,« 
■ 6+8v'3' 


y = ±y/- 


A - i A.* 
" 6 + 8V3 


V = T./_ 


A - iV 



A 

To each of these roots add — -^ and the three roots of X = 
will be obtained : thus 
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•"=-8 



~~'8 *V~6 + 8\/8' 



PROPOSITION IV. 

(59.) If all but two of the fractions whose numerators are unity, 
in formula i. prop. ii. le rejected, the formula will give eight 
figures of the root, in the most unfavorable equations which can be 
proposed. 

Denwjistration. — ^The most unfavorable equations to be solved by 

the formula, are those whose coefficients give a ratio — - or — -', 

as small as 18 * 5. (See cor. 1, prop, ui.) The following is an 
equation whose coefficients have this ratio : 

Y = i/8-18-6i^±18-6 = 

Let a root of Y be calculated by the general formula for such 
equations, as given in article (57.), last proposition, to ten or twelve 
places of figm'es : after which calculate the same, by substituting the 
coefficients in formula i. proposition n., rejecting all but two of the 
fractions whose numerators are unity, and it will be found that the 
first eight figures of the root will be correct. 

When either the proposed equation, or the equation of differences, 
gives a greater ratio for — -r- or — -^ than 18 • 5, the greater will be 

the number of figures of the root developed by the formula : for 
instance, if the proposed equation he y^ — 1 y + 7 = 0, the ratio 

-_— = 7 is less than 18 • 5, therefore, the equation of differences, 
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21* 
namely, «*— 21 5 + 7 = must famish the ratio : hence — =^ = 

189 ; therefore, if 189 be snbstitated for in formula i. prop, n., 

and all but one of the fractions whose numerators are unity be rejected, 

thirteen figures of the root will be developed ; but if two fractions 

be retained, the formula will give upwards of twenty figures of the 

root ; and for every additional fraction, the number of figures deve- 

b « 
loped in the root will be increased by eight or ten. When '- 

\^ 
IS used, instead of — -— , the root obtained will be one of the difier- 

ences, from which the roots of the proposed equation are easily 
derived. 

(60.) A few short and simple rules will now be given, for the 
reduction and simplification of the general formula, so as in all cases 
to obtain the first eight figures of the root. 

Let the first eight figures of a root in the equation Y = 0, with 
as many cyphers annexed as there are remaining figures in the 
integral part of the root, be represented by a^ 
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If the ratio — — exceeds 100 000 000, then 



th = ±- 



- b 



68 b^ 
If — — ^ exceeds 18 • 6, it should be substituted instead of — 

in the above formulas, and the first eight figures of a root Z = 0, 
(the equation of differences,) will be obtained. 

If the root is terminable, its last figure, when found by any of the 
above formulas, should be increased by unity. 



COKOLLARY. 

(61.) The eight figures of the two remaining roots, can also be 
easily found, by a process much more simple than by depressing the 
equation. 

Demonstration, — Let d represent the denominator of any one of 
the above formulas : let a^ , a^' represent the first eight figures of 
each of the remaining roots : then we shall have a^ = (r + 1) a^ ; 
and r/g" = - ('* + 2) n^. (See article 53.) 

but ?^ + 8 r + 3 = rf 

that is /^ + 8 r + 2i = (Z - i 



hence >*= — |±Vrf — J 

therefore r + l=-i±^f^-i 

and -(r + 2)= - i q= V d - i 



therefore a'^ = { - ^ + ^ d - i) a^ 

and a"8 = ( - i - "^T^ \) «8 



PROPOSITION V. 



(62.) If the three roots of a cubic equation, Y = tf + h y + c 
= 0, are real, or if h is real and positive and the three roots 

imaginary, and the ratio of — —^ is equal to or greater than 18 • 6, 
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the following formulas i. and n. will be a general solution of the 
equation, and will furnish any required number of figures of cither 

the roots : and if the ratio of — —r- is less than 18 • 6, the formulas 

<r 

will solve the equations of diflferences to any required number of 

figures. 

c + (^8^ + b) a^ c + { a,,^ +_h)_fU, 

I .... 2/ _ ^, - 3 a«« + ft " 8 ^,7 + /; 

_c + ( V H- b) a^ __ 

""'8V + ft 



n . . ?/ = a, 






__ g V ^ - 1 + (- V + b ) a,, V - 1 _ 

- 8 a,^' + h 

Demo7ist ration, — Let a^ represent the same value as in the last 
proposition; let^jg, a^, %, &c., each represent that pai-t of the 
root developed by the terms preceding it : thus, the denominator 
and numerator of the second term, are the values of the last two 
coefficients of the transformed equation, obtained by diminishing the 
roots of the proposed equation by a^ ; therefore by contracted divi- 
sion, this fractional term furnishes eight figures more of the root ; 
therefore the first two terms of the formula reveal sixteen figures of 
the root. a^Q in the third term of the formula represents the sixteen 
figures of the root, developed by the two preceding terms. Also the 
denominator and numerator of the third term represent the last two 
coefficients of the transformed equation, obtained by diminishing the 
roots of the proposed equation by the sixteen figures before found ; 
and the third term, by contracted division, furnishes sixteen more 
figures of the root : thus, the first three terms of the formula reveal 
thirty-two figures of the root ; and in Hke manner, the addition of 
the fourth term will give sixty-four figures of the root ; and so on 
to any required number. 

(68.) The square a^^ , used m the second term of the formulas 
in the last art., is already given, being equal, according to the mag- 
nitude of the ratios, to some one of the right hand members of the 
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formulas i., ii., iii., iv. (art. 60.), before the square root is taken : 
therefore the value of the second term is very readily obtained. 
It is very rare that over sixteen figures of a root are required ; 
therefore it is seldom that the value of the third term of either of 
the formulas will be sought. 

To obtain the values of the two remaining roots, substitute a^ and 
a^' (see art. 61.), in the first and second terms of the formulas, in 
the last article, and proceed to obtain the other terms as already 
described. 

If the coefficients of the equation of differences are used, instead 
of those of the proposed equation, the roots obtained, as we have 
before observed, will be the differences between the roots of the 
proposed equation, from which the roots of the proposed equation 
are easily derived. 

When the equation contains three imaginary roots of the 
form of fl'e ^ — 1 > i^ will become Y = if -\- by + c V — 1 = 0; 
and the general formula will take the form represented in n. of the 
last art., as will be ascertained by diminishing the roots by 

r?8 V^i, fl,g VUl, &c. 

COROLLARY 1. 
(64.) If —is less than 18 • 5 , then a^ or a^ V —1 will re- 
present the first eight figures of one of the differences between the 
roots of the proposed equation ; and from this developed portion of 
one of the differences, eight figures or more of each of the remaining 
five roots of the two equations can be very simply and quickly 
obtained. 

Demonstration , — Let ± //', ± y, :p y'"> or ± y' V —1 , 
± y 'v/ — 1 , T 2/'" ^ — 1 represent the first eight figures or more 
of the three roots of the proposed equation Y ; let ± ;?' , ± z" , 
q: z'", or ± z' V^l , ± ;2;" A/3i , zf z'" V~iri represent the 
first eight figures or more of each of the roots of the equation of differ- 
ences Z;lei z' = a^, or z' V — 1 = a^ V ^ , be the eight figures 
of the root found ; let b, = coefficient of Z ; then we shall have for 
eight figures or more of the five remaining roots, the following 
values : — 
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For real roots when ± z' is fonnd. 



«8 



i (8 «,« + b) - - y" 



y"' - y 



2 



= y 



y"' -y' = f 
y'" +y' = s" 

- y'" - ?/' = - «'" 



it (8 "e" + *,) 

2 

- //'" + !f- 

- .'/'" - J/' 



= - .'/ 



= -/ 



For imaginary roots when ± z' V' — 1 is found. 
c \/^=^ 



1 (_ 8fl„« + /O 
2 



= - //" 



// 



\/-_ 



\/— 






«, V - 1 




= -z' V - 1 


rV -1 




«/" \/ 1 


1 (- 3 ai + />,) 


— ?/ V 1 


2 


- 1 


= - y' V - 1 

8 
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- y ' t in ^- y' V ^T"! = - y' V - "1 

- y' ' %'^n - y' v'^L = - ?" ^/'^=~i 
y'" %'^I~i -r y" ^ ~-^ = «'" V TTl 

In liiTninigTiiTig the loots of the eq[aation of differences by Og or 
a^ \ — 1 , we not only subtract these quantities firom themselves, 
bat also from the other two differences ; hence these latter differences 
become two roots, or rather parts of roots, of the equation of second 
differences ; and their product is represented by the coefficient 
S a^ -\- b^ OT — 8 o^* + l\ of the transformed equation : but the 
roots of the equation of second differences are thrice the magnitude 
of the roots of the proposed equation Y; art. (84.) therefore 
J ( 8 Og* -f fc, ) or J ( — S a^ '\- b ) is equal to the product of two 
roots, or rather parts of roots, of the proposed equation ; therefore 
c or c V — 1 divided by this product must be equal to the remain- 
ing root y'" or y'" V — 1 , as in the above formula. Therefore z' 
and y"' being found, the other four roots are by their aid immediately 
revealed, as in the above simple formulas. 

COROLULBY 2. 

(65.) If ± y' be found, the five remaining roots, or rather parts 
of roots of the two equations, will be expressed by the following 
simple formulas. 

Let ± y' = rig , or ± y' v' - 1 = a^ V^ - 1 ; and let all the 
other symbols used in this corollary be the same as in the last : and 
let ^, or r, v^ — 1 be the absolute term of the equation of differences : 
then we shall have 



= - y 



For real roots when ± y' 


is 


found. 




"8 = ;/' 






«8 


"' 






c. 


3 a,« + 6 


8rt8* + * 


z"'-Sy' 






- «'" -f 8 y' 



= — z' 
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z'" -^ z = s!' - z'" + «' = 

y' + ^' = / - ,v' - c = 

- / - / = - y'" //' + //' = 

For imaginary roots when db //' ^ — 1 i& found. 
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f, V"- 1 
2 



v^ - 



1/ - 



^'" >/ _ 1 _ ;:' v' - 1 = >" a/ - 



-y>/-l_ /V-l=_ ,/" V _ 



- 8 rt«« + i 



- y' ^ - 

z'" V ^ 

-z' V— 



_ z'^' V-ZTi ^ z' \^"-~l = - 2!' 1/ - 

- y' V «"i - ;^' a/ -~i = - y v^ 

2/' V -Ti + f 1/ ~T = y'" V ~ 

In diminishing the roots of the proposed equation by Og, wo 
subtract this quantity, not only firom itself, but also from the other 
two roots ; the result of the last two differences are two roots of the 
equation of differences, and are expressed in the form of the product 
3 Og* + 6, or — 8 Og^ -f- ft in one of the coefficients of the transformed 
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equation ; therefore c, or c, 'V/ — 1 , divided by this product, must 
give the remaining root :f 2"', or :f z'" V^ of the equation of 
differences. By the aid of the two roots thus found, the remaining 
four roots are immediately revealed. 

(66.) If it becomes necessary to resort to the equation of differ- 
ences to find the roots of the proposed equation Y, it is unnecessary 
to find all the figures of the difference when the number exceeds 
eight ; but carry the process to eight figures which give the value of 
the first term of the formula i. or n. of this proposition ; then, by 
cor. 1, find eight figures or more of the roots of Y, and proceed to 
develope the same by the general formula in art. (62.) to any required 
number of figures. The change from Z to Y requires but little labour, 
as the value of a^ in the denominator ^(3 a^- -f- h^, or ^( — 8 a^ + h^ 
is already known, as is stated above. See art. (63.) 

(67.) In performing the operations of division, multiplication, and 
extracting the square root, indicated in the formulas for obtaining a^ 
see art. (60.) ; the process should be carried to nine or ten places of 
figures, so as to ensure exactness in the eighth figure of the root : 
if, however, the second term of formula i. or 11. in art. (62.) is 
to be used, exactness in the eighth figure is not essential ; for if it 
should happen, through carelessness or in any other way, that the 
eighth figure is a unit or more too small, the second term of the 
formula will, in all cases, correct the mistake, and furnish the requi- 
site amount to be added to the eighth figure. Much labour will 
be saved by using contracted division, contracted multiplication, and 
such contractions as can be used in extracting the square root ; but 
these short processes will be left; to the ingenuity of those who may 
adopt this method. 

(68.) In formulas i. and n., art. (62.), and also in formulas 
I., II., III., rv., and v. in art. (60.), we have used a, as a 
representation of the number of figures which can be obtained, 

according to the magmtude of the ratios -^ or — — ^ ; but it 

is not necessary always to obtain just 8, or 16, or 82 figures of a 
root. For instance, if only 10 figures are wanted, obtain 5 by some 
one of the formulas in art. (60.), and by the second term of for- 
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mnla i. or n., in art. (62.), 6 more will be added; or if 12 figures of 
the root are required, either 6 may be obtained by some one of the 
formulas in art. (60.), and the remaining 6 by the second term of 
formula i. or n., art. (62.) ; or 8 figures may be obtained for the 
first term a^ , and 9 more figures will be added by the second and 
third terms. 

Thus it will be seen that formulas i. and n., in art. (62.), 
are not only general, but adapted to a multitude of circumstances, 
according to the number of figures wanted. As a general thing it 
will be found more expeditious to obtain by art. (60.) only a few 
figures,. say 8, 4, or 5, and obtain the balance by the second, third, 
&c. terms of formulas i. and ii., art. (62.) Or if we choose we can 
dispense altogether with art. (60.), and obtain a few figures of the 
root, figure by figure, as hereafter to be explained, and then for the 
balance of the required figures use the second, third, &c. terms of 
formulas i. or n., art. (62). 

CARDAN'S FORMULA. 

PROPOSITION VI. 

(69.) If b and c, in the proposed equation, are both real, and the 
final term of the equation of differences is imaginary, the proposed 
equation will admit of a general solution. 

Demonstration, — ^Let Y = y^ -{- by + c = he the proposed 
equation. 

Assume y =z r + r,. Substitute for ^ in the proposed equation ; 
thus 

(,. + ,.^)3 + b (^t- + r,) + c == 

that is 1-8 + r/ + (8 r r, + b) (/• + r,) + c = 

Assume 3 r r, -f- b = , and we shall have 

b , b^ 

r, = ^g-.,aiidr/= - ^^^ 

We also have r* + r,* + c = 
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Substitute for the value of t\^ , and we obtain 



that is t* + c >' -oy = 



Hence ,<• = - -^ ± ^ f^ + ^) 

Therefore r = { - | ± ^ (-J + ^^) } 

and ,-,> = - c - ,« = - 5 T ^ (-J + ^) 

Therefore y = r + r, = { _ -|-+ ^ (^ + ^) | 

Thus the value of y is expressed by the sum of two cube roots : 
but as every quantity has three cube roots, (^^O ^^ ^ necessary to 
determine which cube roots are to be used in the present formula. 

The cube roots of unity are 
1, |(-1+ ^^ = «, |(- 1- v^"^ = a« See(48.) 

K m denotes one of the cube roots of— -g- + \J ["T'^'oif] > 
then the other cube roots will be m a and m a^ ; let n denote one 
of the cube roots of ~ o ""V ( T "*" 27 ) ' *^®" ^^ ^^^ ®^^ 
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roots are /I a and n cfi. The number of pairs of these cube roots 
wiU be nine, namely, 

m -f ;* 

a m 4- a^ n 

a^ m + a n 

m + a^ ft 

m + a n 

a in + n 

a VI + a n 

a^ m + n 

a* m + a* w 

But the equation Y = can have only three of the above values 
as roots : the reason of this is because the method of solution requires 

that r i\ = — -5 ; and It is this condition which determines the 

admissible values of the cube roots. For let m and n be such as to 

satisfy the condition m n = - « ; in this case we have r = m and 

r, = w as admissible values : we can also have r = a m, 
and r = a^n; for r r, = a w x a^n = a^ m n = m n ; and we can 
further have r = a^ m, and r, = an ; for r )\ = a* ?/i x a n = m n : 
but the product of any other two of the above cube roots will not be 
equal to mn; and therefore their sums cannot represent any one of 
the roots of Y = ; for instance, the product of any pair of the last 

SIX values will be either a in n = 5-, or a« vi n = — -^ , 

{a^ m n being equal to a m n.) In the process used in the demon- 
stration, the assumed relation r i\ = — q- was transformed into 

^ ^' 27 ' ^^* "" 27 "" "" 27 ^ ~ 27 ' ^^^^^^^^ ^ 

b, in the proposed equation, is changed into a b or a« b, the 
expressions for the value of y would not be changed. Thus the 
nine values above obtained become the roots of three cubic equations, 
namely, 2/" + *2/ + c = 0, y^ + aby-\-c = 0, and y^ + a^by 
+ c = 0. 
The equation of differences of the roots of the proposed equation, 
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isZ = sfi + Sbz± a/ - 4 i>8 - 27 c8 = 0. Whenever the 
final term of this equation is real, the radical quantity W ( ~r'"l" 27 ) 
in the expression for y will be imaginary ; and whenever the final 
term of Z = is imaginary, the radical quantity \/ ( ~j" 4- 07 ) 

will be real : in the latter case, the square roots of a real quantity 
can be obtained, and hence the cube roots can be found, and there- 
fore the equation Y = will admit of a general solution when the 
final term of Z = is imaginary. The expression for the values of 
y is called Cabdan's Fobmula, and is asserted by mathematicians 
to be a " general algebraical solution" of the cubic equation: but 
the author does not feel himself warranted in receiving this assertion, 
as will be seen in the following corollary. 

COROLLARY. 

(70.) When the final term of the equation Z = is real, the 
expression y=|_| + ^^-J + ^j| 

cally correct, is not a solution. 

Demonstration. — The final term of Z = , namely, 
j- V _4^_-.27c* being real, the expressions for y must be 
imaginary ; and as there is no algebraical method, yet discovered, 
of obtaining the general value of an imaginary quantity, the two 
cube roots cannot be found, and, therefore, the expression for y is 
not, in this case, a solution, but merely an irreducible fowu 

Quantities whose values are individually known, or which may be 
obtained firom certain reducible forms, are termed known quantities ; 
while quantities which, though individually known, are connected 
with irreducible forms, are termed unknown. Therefore, under these 
circumstances, the conversion of the original equation into these 
unknown and irreducible forms, can by no means be admitted as a 
solution. It is often said, that ' ^ the solution is cdgehraicaUy correct ; " 
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but it might, with the same propriety, be said, that '* the solution 
is algebraically correct,'* when a cubic equation, involving the un- 
known quantity jc , is reduced so that its roots are expressed in terms 
of the unknown quantity z : the latter is entitled to the term solution 
with as much propriety as the former. 

Indeed, Cardan's formula, instead of being a general solution, is 
very limited in its applications : it cannot be applied to numerous 
classes of cubic equations, containing two imaginary roots and one 
real root; njither will it apply generally to those having three 
imaginary roots ; neither is it applicable to any cubic equation 
having three real and unequal roots. 

example. 

(71.) What are the roots of //» -f 6 ?/ - 20 = 0. 

The second term is positive, therefore the equation contains two 
imaginary and one real root. Also /> = 6 and c = — 20 ; substitute 
these numbers in the formula, thus 

// = ( 10 4- ^''lOS)* + ( 10 - v" 108 )^ 

and ( 10 4- ^ l6S)^ = 2 • 782 . . . , and ( 10 - v^ 108~)* 
= — • 732 . . . , the decimal part of each of these cube roots 
may be assumed to be equal, though of opposite signs ; therefore 
// = 2 may be assumed to be one of the roots, which by trial will 
be found to be the case. 

Depress the equation by dividing by the factor y — 2 = , and 
we shall have y^ + 6 y - 20 = (t/ - 2) {\f + 2 ?/ -f 10) ; the 
quadratic equation 

y84.2y+10 = 
furnishes the other two roots, namely, — 1 ± 8 \/ — 1 
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THE AUTHOR'S FORMULA. 

PROPOSITION vn. 

(72.) 7/, in the proposed equatioit, b is real and c iinafjinary, and 
the coefficients of the equation of differences are real^ the proposed 
equation will admit of a (general solution. 

Demonstration. — Let Y = y^ + ^?/4- <^ ^/ — 1 = be the 
proposed equation : transform this into an equation, the differences 
of whose roots will be the roots of Y = : thus 

„ ^ V — 4- h^ 4- 27 c* 

Z, = ^/ + -g^, + 27 = ^ ^^^ ^' (^^-^ 

Assume the roots of Y = to be + 2 v 'v/ — 1 , + 3 a* — r a^ — 1, 
— 8 iv — r V — i, then the roots of Z, will be + .r — v V — 1, 
J^ x -\' V V~^'l , - 2 .r. 

As + 2 r a/ — 1 is the difference between two of the roots of 
Z, = , it may be represented thus y = 2v -/ — 1 = (r, — r) V — 1 ; 
substitute for y in equation Y = , and we have 

_ (r, _ rf V^Ti + h (r, - r) V^^l + ^ ^ -"l = 

that is (r, - ;)" - b {r, - r) - c = 

Hence r,^ — ^-^ 4- (— 8 r, r — b) (r, — r) - r = 

Assume — 8 r, r - b = 

b , ^8 

then r = - g-^ ; and - ;« = + 2771, 

thus we have ?•/ — 1* — c = ; and — 1* = r — r,» 
substitute for — ?*, and we have 

r 8 4- — r = 

that is '•/^ - c r,8 4- 27 = ^ 
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Hence r, » = _±^^___j 

and -,* = .-,..= ^T^ ^4--27J 

Therefore '•- V^"- 1 = {i±V (4" w) }' ^"^ 

Therefore i, = (r, - r) v'-l = {4+\/ ('4 "If) } ""'"^ 

(78.) Tliis formula diiiers in two of its features from Cardan's 

formula. First, when h is positive in the equation Y = , — <t-_ 

in my formula is negative, but the same term in Cardan's formula 
is positive : and when c in the equation Y = is positive, the term 

4x remains, in my formula, positive, but in Cardan's formula the 

term is negative : or whatever may be the signs prefixed to h and r 
in the proposed equation Y = , the signs prefixed to these terms 
are opposite in the two formulas. Second, the two cube roots in the 
author's formula are imaginary, when the two cube roots in Cardan's 
formula are real. 

(74.) When c \^ — 1 is positive, the root will be positive ; and 
when c 'v/ — i is negative, the root will be negative. Also when 

h is negative — -^y is a positive quantity ; in this case, both terms of the 

radical will be positive : but when h is positive, and -j- < -^ , the 

radical */ f 4" — 07 J becomes imaginary ; and the two cube 
roots become irreducible ; and therefore the equation becomes also 
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irreducible by this formula ; iill equations of this latter class will be 
found to contain three imaginary roots. 

Let the root + 2 v v — 1 which has been found, be repre- 
sented by 4- 2 rt V — 1, then the assumed roots become 4- 2 a V — 1, 
3 .?• — a 'v/ — 1 , — 3 .r — a -/ — 1 ; the values of the two remaining 
roots can be determined by a much more expeditious and simple 
process than by depressing the equation ; thus 

that is 9 .r- = o" - ^f' 

8 •'• = ± V (2'^ - "•^) 

therefore the values of the three roots of Y will be as follows : 
V =. 2 ft V 3i, 

' /' r 



Vl^ 



- ff- ] - a V - 1 , 



= -V(-2'i-«')-«^^ 



y 

The roots of Z are 

If all the signs of these six roots, with the exception of those 
under the radical sign, be changed, they will become the roots of 
Y and Z, when their final terms are negative. 

From the relations between Y and Z^ , it may be observed that 
thrice the roots of Z^ are equal to the diflfercncc? between the roots 
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of Y ; and also, as stated above, (72.) the roots of Y are the differ- 
ences of the roots of Z, . 

The roots of Z, =0 are generally obtained by Cardan *r formula ; 
but they can also be found, by first finding from my formula the 
roots of Y = 0, and then taking one-third of three of their difterences, 
as directed in art. (82.) 

From an examination of these roots, another curious property is 
observed, namely. 

When ^ — = f/« , one of the roots of Z, becomes = ; and the 
2a' ' 

other two roots are - ft v — 1 and -|- a V — 1 ; while two of the 

roots of Y become equal. When ^ < tv^ , the value of ,v becomes 

imaginary ; therefore all the roots of both Y and Z, will be imaginary' : 
but these may be considered of a simple form, because all the terms 
of each root are imaginary ; that is, no terms of real quantities enter 
into their composition. When these expressions, or the values of v 

becomes imaginary ; so that the value of 2 a cannot be determined 
by the formula. 

EXAMPLE. 

(75.) Required the roots of the equation 

//» + 18 ^ + 108 V~-"l = 
Here 6 = 18 ; and c = + 108 ; thus 

y = (64 + v'2700)V~"l + (64 - i/ 2766)*^-! 
By numerical operation 

( 64 + V 2700 )^ = 4 • 782 . . . . , and 

( 64 - V"270Cn* = 1-268 nearly. 
Therefore */ = 4 • 782 . . v^-^i + 1-268 V-l = 6 V -1 = 
2x8 v/-l = 2a V ^ 
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The other two roots may be obtained by the formula for the roots 
of Y in art. (74.) ; thus 

If the final term, in the above example, had been minus instead 
of plus, then we should have had 

y = ( - 64 H- v^ 2700)*v^^ 4. ( - 64 - v^ 2700 )* V^i 
Hence (- 54 + v^'2706)* = -1-268 nearly, and 

(_ 54 _ V'"2706)* = -4-732 

Therefore «/ = -1-268 V^i - 4 • 732 .' . . . V ^ = 
- 6 1/^ =-2x3 V3i = - 2 rt V'^i 

^ = - \/( ^ - '^) "*" ' ^ - ' = " ' + ' ^^' 
y= \/(^3-^^) + ^^^= 3 + 3A/— 1 
One-third of the three differences (32.) of these roots will be 

- 1 ± 8 V-i and 2 which are the roots ofy8 + 6//-20 = 
See (71.) 

By this last example, it wiU more fully be perceived, how this new 
method accomplishes the same results as Cardan's formula; and 
at the same time reveals the three imaginary roots of an equation. 
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BIQUADRATIC EQUATIONS. 



(76.) As all complete biquadratic equations can be easily trauH- 
formed into others whose second term shall be absent, art. (81.) our 
investigations will be more particularly directed to this latter class. 
We shall first give a ** general solution " of the equation, agreeing 
in some respects with Descaties* Sohttioii ; but in other respects 
quite different, resulting in an auxiliary cubic equation having no 
second term. 

** GENERAL SOLUTION" OP THE I3IQITADRATIC EQUATION. 
PROPOSITION I. PROBLEM. 

(77.) Required, the roots of the biquadratic equation, expressed 

in terms of its coefficients. 

Let X, = .r* -\- q a^ + r .r + .s = be the general equation. 

Assume 

X, = oc* -h q i(^ -\- r .V + s = 

(-+/-^'—-')(-^-V'-^---+-") 

Now if the quantities y j f, and // can be found, we shall have 
the values of the four roots of X, , expressed in two quadratic 
factors. Multiply together these factors, and equate the coefficients 
of like powers of a? in both members of the equation ; thus 



,+/_^-=^ = ,.(,_/)^'"-^^ =..,/ = , 



... , y — 2 q J, r - 

V "~8 
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From the first two equations g and / are found in terms of // ; 
substitiite these values in the third equation, and we have 

By reducing this equation we obtain 

■■•(■"-^)V^.('-^)V(.-«.)(-^')-''-» 

Multiply the roots of i. by three, and take away the second term ; 
and by reducing still farther we have 

II . . . //8 - 8(9«+ 12s);/ - 2 9* + 72^8 - 27i-' = 

Thus we have arrived at a cubic equation with the second term 
absent : from this, if can be found (69.) by Cardan's formula; after 
which // and/ become known; and therefore all the coefficients of 
the two quadratic factors in equation X, become known ; and as the 
product of these quadratic factors is equal to nothing, each factor 
can be equated with nothing ; and the four roots thus obtained will 
be the four roots of the biquadratic equation X, , expressed in terms 
of its coefficients : thus the problem is solved. 

(78.) Both equations i. and n., obtained by our investigations 
of this proposition, will, in subsequent researches, be found very 
useful, especially equation n., which, lacking the second term, is 
peculiarly adapted to many investigations to which the other form is 
not so well suited : therefore we shall denominate equation ii. as the 
general aiuiliary cubic equation ; and its equation of differences will 
be called auxiliary cubic equation of differences, 

PROPOSITION II. 

(79.) The four roots of the biquadratic equation can be expressed 
in the terms of the roots of cubic equation i., prop. i. 

Demonstration. — ^Let y', i/', and y'" be the roots of the auxiliary 
cubic equation, then we shall have 

y' + f + y'" = 



BIQ0ADRATIC EQUATIONS. 7B 

therefore ^~^^ + ^ ~q^ '' + ^ 7^^ = — 2 y ; thk, 

when the sign is changed, is equal to the coefficient of the second 
term of equation i., Prop. i. ; we also have 



-v--'i''v--=^'v- 



-?-^ = . 



and / >l:^l_V X / f'—^ t = - ,— 

V 8 "^ V 8 hr — iq 

V '"8" 

therefore a^ + -_ - - . x + /, which is one of the quadratic 

factors, used in the last proposition, becomes equal to 

V 8 

_ /*' — 2? , , 1 /i^' — 2? .v:-2j .'/' — 2? 

- -^ + V "8 " •'■^2 1, 8' ~'2 X 8" ~" 2x8 

y"'-2g itizl3 ^ / y"'-2g \ 

"~2x8~'\/ 8 ^V 8 y 

/y'-2tf 1 / y'-2<, .v"-2? y"'-2 y 

= '^+V ""3 •'"+ rl, 8 8 8~ 

therefore, extracting the square root we find the two values of .r 
which represent by x, and x^^ . 

1/ / y' -2g // -2? / '/ " - 2 g \ 

'' = 5 \ - V 8 V ""8 V 8 / ' 

'- -J ( - V'-^" W*'-^ W*^^^) • 



10 
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In a similar maimer we o .tain from 



••^-v/S''-'- + ^ = o 



1/ .//' -2, /.v" -2o / y'" - 2 9 \ 

2 >^ V "" 3 V "8 + V 3 ; ' 



-lU'-i^^sl 



3 



V*"^^')- 



Thus the proposition is demonstrated. 



(80.) By an examination of these four biquadratic roots, we find 
them connected with the roots of the cubic equation i. prop. i. in a 
very remarkable manner : that is, the square of the sum of any two 
biquadratic roots is equal to a root of equation i. ; thus 



(x, + ;r, Y = (.r,,, + ,r^„y = '^—~^ 



(^. + ^/./)* = ki + ^,y,y = 



f -29 



A 



i-^. + ^\,.Y = (•»•. + ^aiY = ^^^^-s^ 



Also the sum of any two biquadratic roots is equal to the square 
root of one of the roots of equation i., prop. i. ; and also equal to 
the coefficient of .r in the two quadratic factors of equation X, . 



8 



that is X, + x,^ , .T,,, + x^^^ = q: ^/ ^- 

^1 + ^tn 9 ^,1 + ^^1,/ — T Y' 8 



^i + ^m » ^/^ + •'^/. 



8 



The coefficient of the second term of X, being nothing, the sum 
of the four biquadratic roots is equal to nothing. 
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that is 

Thus it is perceived, that the sum of any two roots is equal in 
magnitude and opposite in sign to the remaining two roots. 

(81.) When the coefficient of .v in .i-a + U'—^ '-. •«' + ./* = 0, 
or .r® — ^/' -^ — . .r + // = , is found, the positive value of 

± y/ - — Q may be substituted in the second equation, and the 

negative value in the first, and it will make no difference in the 
results of the solution ; the only effect produced is merely the inter- 
change of the values of/ and //. 

PROPOSITION III. 

(82.) 1 . — If the roots of the biquadratic equation are all real, 
the roots of cubic equation i., prop, i., will all be real and positive. 

2 . — K the coefficients of the biquadratic equation are all real, 
and its roots all imaginary, the roots of the cubic equation i., prop. 
I., will all be real, but two will be negative and one positive. 

3 . — K the coefficients of the biquadratic equation are all real, 
and two of its roots real and two imaginary, the cubic equatic>n i. 
will have one real and two imaginary roots, except in case of equal 
roots, when its three roots will be real, and two of them negative. 

Demonstration 1. — By reference to A in proposition ii., it 
will be seen, that the square of the sum of any two biquadratic roots 
is equal to a root of cubic equation i., prop. i. Now if these 
biquadratic roots are real, the squares of any two pairs of such roots 
must, not only be real, but also positive. 
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2. — If the coefficients of the biquadratic eqnation are all real, 
and its four roots imaginary, they must necessarily be of the forms. 

0-^ = — ^ -f fi^ V — 1 •''//= n " a, ^ --X 

hence ,i\ + x•^^ = 2 a and it,,, + Jpff,, = — 2 « 

•^/ + ^■//.= («/+ «8) ^^ and ^«+'^////= - (^z + 'ia) ^^^ 
•^ -f" •''///i= K- ^) ^~1 and x,,+.r,,,= -K-r/^) i^ -1 

therefore {x, + x„y = (j-,,, -|- .r^J« = ■}- 4 a^^ 

(.«, + .^,,.)^ = 0^,/ + -'^J^ =-(«, + ^)-^ 

By reference to A in prop. ii. it will be seen, that the quantities 
represented by the squares of these sums, are the roots pf equation 
I. prop. I. ; but these quantities are real and two of them are nega- 
tive ; and therefore the second part of the proposition is proved. 

8. — If the coefficients of the biquadratic equation are real, and 
two of its roots are real and two imaginary, then the four roots 
must necessarily have the following forms : — 

X, = a + a^ V - 1 y x^^ = a - a^ s/ - 1 
•^'/// = - a -{■ a, , x^^, =: ^ a - a, 

hence 

X, + x^ = 2 a and x,,, + x,^,^ = - 2 a 

^, + •'^/// = «/ + ^2 y -1 Mid ^« + ^,ui =-(«/ + «» ^^^) 
•*;, + ^'•,/, = «/ - ^2 ^^ and .r, + x,^,^ = - {a, - a^ Vll) 

therefore 



BIQUADRATIC EQUATIONS . 77 

Those are the roots of the cubic equation i. prop, i., an will bo 
seen by reference to A , prop. ii. ; and when a, is not zero, two 
of these roots must be imaginary ; but when u^ is zero, tho throe 
roots will be real, and two of them equal and negative ; therefore 
all that was asserted in the proposition is demonstrated. 

(83.) For the convenience of reference, let the auxiliary cubic 
equation, the auxiliary equation of differences, and the cubic equa- 
tion I., prop I., be represented respectively by Y , Z , and Y, ; thus 

Y = f - S{q^ + 12s)y + 12qH - 2q^ - 27 t^ = 
Z = 0^ - 9 (^« + 12 s) z 

± J^ 4 ^- 8 (^« + 12s')y- 27 (72 ^ .. - 2 9=* - 27 /^V = 

Also let the coefficients of Y be represented by b and c ; and those 
of Z by h, and c, ; thus 

Y = i/« -f 6 y + c = 
Z = ^ -f 6, c -f r, =r.- 

(84.) Having determined the properties of these three equations 
in their relations to the biquadratic equation, a proposition of con- 
siderable importance suggests itself, namely, to determine by some 
simple process, the nature of the roots of a biquadratic equation 
when its coefficients are real, under all circumstances which can 
occur. This is a proposition which has engaged the attention of 
mathematicians during the present and past centuries, and in general 
has resulted in numerous cumbersome theories, calculated by their 
enormous amount of labour, to greatly discourage the young student 
in his mathematical progress. 

PROPOSITION IV. 

(85.) 1 . — If all tho coefficients of a proposed biquadratic equa- 
tion are real, and the final term c, of the auxiliary cubic equation 
of differences Z , is either real or equal to nothing, or if fe and c are 
each equal to nothing, and the coefficients of Y, are alternately 
positive and negative, then all the roots of the biquadratic equation 
are real. 
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2. — If c, is real, and the coefficients of Y, are not alternately 
positive and negative, the four roots of the proposed biquadratic 
equation are imaginary. 

8. — K c, is zero, and the coefficients of Y, are not alternately 
positive and negative, two roots of the proposed biquadratic equation 
are real and equal, and two roots are imaginary. 

4. — If c, is imaginary, two roots of the proposed biquadratic 
equation are real, and two roots imaginary, 

Demonstration 1. — If the coefficients of Y, are alternately 
positive and negative, then, by art. (21.), its three roots must be 
real and positive, or else two of its roots are imaginary : K two of 
its roots are imaginary, the equation of differences will have three 
imaginary roots, and hence, c, will be imaginary; but c, by hypothesis 
is real ; therefore the three roots of Y, are real and positive, there- 
fore, by prop, in., the four roots of the biquadratic equation are real. 

2. — K c, is real, Y, cannot have imaginary roots ; and when its 
coefficients are not alternately positive and negative, it must, by 
prop, m., have one positive and two negative roots ; and therefore 
by the same prop, all the roots of the biquadratic equation are 
imaginary. 

8. — If c, is zero, one of the differences between the roots of Y , 
and consequently of Y, will be nothing ; therefore Y, will have two 
equal roots, and if its coefficients are not alternately positive and 
negative, these two equal roots will by prop. in. be negative ; and 
therefore by the same prop, the biquadratic equation must have two 
equal real roots and two imaginary roots. 

4. — He, is imaginary, two of the roots of Y, will be imaginary- ; 
and therefore, by prop, ni., two of the roots of the proposed biqua- 
dratic equation will be real, and two imaginary. 

These are all the cases which can occur, when the coefficients of 
the biquadratic equation are real. 

PROPOSITION V. 

(86.) w,,.. ,• = ± ^ (r_2.?L±_7?_lJL?.liil+lL«)' 

in the equation X, = a;* + 7 n^ + '* .f -f 6- = , the eqiMtion iciU 
contain tivo or wore equal roots, and mil admit of a general sohUuni, 
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Demonstration, — Let the equation 

be transformed into a cubic equation, according to art. (77.) ; and 
let // = ~ ; then equation i., art. (77.), wiD become 

v,.(,-V)v«»G-V)'+<'--«')(»-T?) 

. 2 ^» - 72 9 « ± 2 (^« -f 12 /» )* - 
+ ^^ ._. =0 

Transform this equation into another whose second term shall bo 
absent, and we obtain 

Transform Y = into an equation of differences : thus 

that is Z = ;s» - 8 ( i (?2 + 4 s ) ;? = 

Hence one of the differences 5; = ; therefore Y = has two 
equal roots. The roots of Y , by art. (42), are 

therefore, the roots of equation Y, in this proposition are (47.) 



(-V) = -VtV*- 



8 



98 +^4j 
"3 
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And the four roots of X .by art. (78.) beeome 

'■ -2j-*V~^'^ V 8 ) 



' -'^v'^^')!' 



V '.. ~ 8 



•'-=2 1 V - T "F ^ V .r78 — y ; - 






■»•.„. = 



2 ? _ , / i f + 4 » U 
-3- + ^V 8 ' ') 

1 ( ., ; 29 • t <» + ^ « \ 

2 1 "^ V ~ 8 ± V 8 ./ 

PBOPOSinON VI. 

(87.) Wke,.r=± ^ [-Ar.±J^9Jf. iJ?^.±J^ ')^^ 

in the equation a:*-f9.i'«-|-rj*-|-« = 0, the equation wiU. admit 
of a general solution. 

Dem 07} strati fm. — Let the equation 
X, = ^ + , ^ ±^( - 2 ?«.t_72^1 Ji .(2.f_+ 2M^) ^ ^ _ 

be transformed into a cubic equation by art. (77.) ; and let y = ^ J 
then equation i., in art. (77.), becomes 

T.= (,-«^)V.,(,-V)V(,.-4.,(,-»^) 

2<f -72q 3 ± i (2 9' + 24 «) * ^ ^ 
"27 
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Transform this into another without the second term : thus 
Y = j^-a^ + 4.)y±H?Jl+2i^)_^=0 

Transform Y = into the equation of differences, and we have 
Z = :>8 - 8 (i 7*^ + 4 .vU 

that is «« - 8 (i 7« + 4 5) c ± ^/ 2 (i 78 + 4 sf = 

If the roots of Y = arc multiplied by v^ 8 , the transfonned 
equation will become identical with Z = ; therefore, by articles 
(64.), (57.), and (58.), the roots of Y = will become 



"-^y/i 



ilM- 4« 



+ 3 v'S' 
And the roots of equation Y, in this proposition, become (68.) 



3 V2' 






11 
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COROLLARY. 

(88.) If the coefficients of Y = in this proposition, l>o repre- 
sented by b and c ; and those of Z = be represented by h, and c, , 
then 

- = ^=-18-6 
that is ^ : c8 : : 6/ : r,« : : - 18-6 : 1 

(89.) H the value of r in proposition v. be compared with the 
value of r in proposition vi., a remarkable property will at once be • 
perceived, namely, that all the terms of the two values are alike, 
with the exception of the coefficient of the radical quantity, 

(i Q^ + 4 s)* which varies from 2 to \/ 2 : thus 
Prop. V. gives 

/ / 2 r/3 8 7 .s 2 (jt 7-^ + 4 sy] 
' = ^y [- ~27 + ' d' ^~ ~8 V 8 " ""^ 

Prop. VI. gives 

// 2^3 87.^^ 2^-(i7''^4.)*) 
'-"^V\~8''^~8~+ 8 V~S / 

For all the values of r , as the coefficient of the radical varies 
between 2 and >/ 2 , — — < 18-5 and -- —^ > 13.5: when 

the coefficient is 2 , Y = contains equal roots, and — — = 

b^ 
6 • 76 , and -^ = infinity : when the coefficient is greater than 2 , 

the final term of Z = becomes imaginary ; therefore Y = has 

two imaginary roots : when the coefficient is less than the \/ 2 , 

¥ b^ 
> 18 • 6 and - -V < 18 • 5 . 
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(90.) It will be seen in the next chapter, that when X < 

18 • 5 , a root of Z = can be numerically obtained with much less 

labour than if a root of Y = were sought : and when ^ ^ 

13*5, a root of Y = can be developed with much more ease, 
than to develope a root of the equation of differences Z = . We 
have already referred to this principle in our method of general 
solution. See articles (59.) and (60.) 



CHAPTER Vm. 

NUMERICAL SOLUTION OF CUBIC EQUATIONS. 

(91.) As all cubic equations can, in a very simple manner, bo 
transformed into others whose second term is absent (31.); only 
this latter class need be considered ; for the roots of which, when 
found, will enable us immediately to obtain the original roots of any 
given complete cubic equation. In numerical solution, the great 
problem has heretofore been to find the number and situation of the 
roots and to determine the first figure. Numerous theories have 
been invented to accomplish these objects ; many of i^Hhioh ure 
very laborious and complicated. But I shall present a new method 
which accomplishes both of these objects in the most simple 
manner, and, in most of cases, by mere inspection. 

(92.) When an equation whose second term is absent is proposed, 
take the equation of differences ; if the final term of this latter 
equation is real, all the roots of the proposed equation >vill be real, 
articles (38.) and (40.) 

PROPOSITION I. 

(98.) When the roots of a cubic equation 

//» 
are real and the ratio of — is not less than 18 * 5 , the first 

figure of the quotient, arising from the division of c by b will 
generally be the first figure of one of its roots, and can never be in 
eiTor only in being, in some rare cases, the fraction of a unit too 
small. 
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Demomtration. — The most unfavorable case which can occur, is 

when the ratio of — is as small as 13 • 5 , and when the first 

figure of the root is some high number, say 9. Let an equation of 
this description be selected ; for example 

Y = If - 1014 y + 8788 = 

(1014)8 
The ratio /oryf^mg = 13 • 6 ; and the first three figures of one of 

its roots are 9 • 51 . Without regard to the signs, divide 8788 by 
1014; thus 

1014 ) 8788 ( 8 1^4 
8112 



676 



Thus it is seen that the first quotient figure is too small by the 
fraction of a unit. 

To determine with certainty when the quotient figure is too small, 
increase it by unity, and then take the square which subtract from 
the divisor, and see how many times this diminished divisor is 
contained in the dividend ; thus 

8 + 1 = 9 .'. 9' = 81 , and 1014 - 81 = 933 = diminished 
divisor; therefore 

933 ) 8788 ( 9 
8897 

consequently 933 is the true divisor and 9 is the first figure of the 
root ; if the dividend had not contained this diminished divisor 9 
times, then it would be known that the former figure 8 was the first 
figure of the root. This can usually be ascertained by mere 
inspection. 

(94.) When — -^ is less than 13 • 6 and greater than 6 • 75 , the 
roots will be real ; but the roots of the equation of differences 
should be sought ; for - --.,- will be greater than 13 • 6. See 
articles (89.) and (90.) 
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(95.) When — --^ = 6 • 75 two roots of the equation will be 



equal. 



(96.) When — < 6 • 75 the equation will have two imaginary 

roots. 

(97.) When - -^ or - ^ = 13 • 6 , then - = -v/ 8 = 

1 • 732 . . . . ; see art. (57.) ; therefore c = 1 • 732 . . , // ; 
but z is the difference between two roots of Y ; therefore two roots of 
Y cannot approximate each other, so as to have their first figures 
alike when both occupy the same place in the numeral scale of 
units, tens, &c., or tenths, hundredths, &c, ; therefore, the serious 
difficulties connected with the old methods, when the roots approach 
equality, are, by this new method, entirely obviated. 

Thus this new method arms us with a threefold advantage over 
the old : — First, in determining the character of the roots, whether 
real or imaginary ; Second, in finding directly as a quotient figure 
the first figure of the root ; and Third, the advantage of knowing 
that no other root can have this same figure, as an initial figure, 
when of the same denomination in the numeral scale. 

(98.) The first figure of a root being found as in art. (93.) , the 
other figures may be developed by Horner's method, or by any 
other similar method. We will first give an example by Horner's 
method, finding the first figure by the process given above. 



EXAMPLE 1. 

Required a root of the equation 

y8«21y + 7 = 
to three places of figures. 

In this -^ > 18 . 6 , therefore a root of Y must be found, 

and not a root of Z . 



88 NUMEBICAL SOLUTION OF CUBIC EQUATIONS. 



1 + 0- 
•8 


h c 
- 21-00 + 7-000(.8 
• 09 - 6 • 278 


•3 
•3 

•6 
•3 

•90 
•03 


-20-91 
•18 

- 20 • 7300 - + • 727000 ( • 03 
279 - -621063 


•93 
3 

•96 
3 

•090 
6 


- 20 • 7021 t 

288 

- 20 • 673300 - + • 105937000 ( . 005 

4975 - -103341625 


•995 


- 20 • 668325 + 



The process followed here will be plain by reference to the 
examples. Art. (30.) 

The first figure is obtained by dividing chj h y and will be of the 
same sign as c . The root is diminished by this figure, and the 
coefficients of the first transformed equation are 

• 9 -20-73 + • 727 

one cypher is added to the first ; two to the second ; and three to 
the third ; divide the third by the second, and • 03 the second figure 
of the root is obtained ; diminish as before, and the coefficients 

• 99 - 20 • 6733 + * 106937 

are obtained ; annex cyphers and again divide, and the third figure 
of the root - 005 is obtained. And in this same maimer any 
number of figures of the root may be developed. 

The coefficients marked thus ''' are called trial divisors ; and those 
marked thus f are called the true divisors. 
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The work in practice is generally aiTauged in a more compact 
form ; thus 

1 + 0-0 -21-00 +7-000 ( . 335 

• 3 -09 6-273 



•8 20-91 • 727000 '•" 

•8 18 - 621063 



•6 20 • 7300 ^' • 105937000 

•3 279 - 103341625 



'93 
3 



•96 
3 



20- 


91 

■18 


20' 


7300 * 
279 


20 


•7021 
288 


20 


• 678300 
4975 


20 


• 668825 
5000 



-90 20 - 7021 2595375 

3 



' 990 20 - 663320 

5 



-995 
5 

1-000 



1005 

(99.) This is the usual method of arrangement ; but the pupil 
^vill see the great disadvantage of this form, arising from the separa- 
tion of the trial divisors and true divisors far from the dividend ; 
and it is evident that the greater the number of figures developed, 
the greater will be this separation ; to obviate this difficulty, the 
author proposes a new method, which is much shorter, and will 
retain the divisors in their appropriate place on the left of the divi- 
dend. The method proposed is to dispense entirely with the trial 
divisors of Horner, and make each true divisor a trial divisor for 
the following figure ; finding, by a very simple formula, each true 
divisor from the figures of the quotient. 

(100.) The new method will be better understood by an illustra- 
tion from the example already given. Let )\, }\, r«, r^, &c. 
represent the first, second, third, &c. figures of the root. 

12 



90 



mnaaxauj solution of ocbio squatioms. 



The last example, y"— 21y + 7 = 0, being given to find, by our 
new method, the root y ' to eighteen places of figures. 



b =-21 



d,= 



d,= 



4 



^5 = 



^6 = 



^7 



•09 



^3 = • 105987 
• 103341625 



20-91 c= 7- 
^2079 6-273 

20-7021 ^2 = -727 

33775 ■ 621063 

20-668325 

510051 

20-66322449 

1206264 

20-6631038636 

25133625 

20-663078729975 Ce= 115790473728 

5630075136 103315393649875 



Si/' = 1-99153165 
y' = -335125603737886426 

-09 
1 . • 09 

8 . . 27 25 

495 01 

1005 04 
. 20106 25 

. . 502680 ,36 
. . 60322510 

301 



c, = 2595375 

2066322449 

c,=z 529052551 

413262077272 



)&9 
10 • 



|7i 



3099900' 
60624 

249317 
3'7 



20-i6|6!3.0|7|2i4i9|0 



cj= 12475080078125 
12397843859940 

cg = 77236218185 
61989217481 

c, = 15247000704 
14464150743 

782849961 
619892175 

162957786 
144641507 

18816279 
16580468 

1785821 
1658046 

182775 
123978 

8797 
8265 

582 
418 

119 
124 
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RULES. 

(101.) — 1. Write c at a convenient distance on the right of and 

two lines below b. When — — > 13 • 6 , ^^ will give the first 

figure of the root, art. (93.), which write in the quotient on the right 
of and about three horizontal lines above c, 

2. Write the square of the root figure underneath the quotient, 
according to its position in the numeral scale ; that is, if a whole 
number, place units under units, tens under tens, &c. ; if a decimal, 
place tenths under tenths, hundredths under hundredths, &c. 
This square rj^ will be the correction to be subtracted from b, 
leaving a remainder equal to the first true divisor di . 

Let c^y c^ , C4 , &c. represent the successive dividends ; and let the 
operations be performed without any reference to the signs. 

/» 

3. The second figure of the root will be obtained by — r- , which 

place in the quotient ; multiply r^ by 3 , and write the product over 
)\ , and represent the same by 3 y' ; underneath rj* , and two figures 
to the right, put r^^ ; underneath rj^ , and one figure to the left, 
write the product of r^ into d y' : the sum of the two lower lines 
+ /'i* (in the third line above) repeated, will be the second correc- 
tion, marked , , which, when subtracted from d^ will give the second 
true divisor dj, . 

4. ~ will give the third figure of the root or r^ ; place this in 

the quotient ; multiply r^ by 3, and place the product over r^ in the 
line 8 t/' : if this product is greater than 10 or 20, the I's or 2's 
must be carried one figure to the left and placed over the same ; that 
is, be placed above the line 3 y' ; underneath r^^ , and two figures to 
the right, place rj* ; under rg' , and one figure to the left, write the 
product of rg into 8 y' : the sum of the two lower lines + double 
r^* in the third line will be the third correction, which subtracted 
from d^ will give d^ . 

6. -r- will furnish r^ ; the fourth correction will be found as 
above, &c., &c. 
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6. When the number of corrections has reached about one-third 
of the required number of figures in the root, the method may be 
greatly abbreviated, as follows ; — 

For the first abbreviated correction cut ojff the two right hand 
figures of the sum as found above ; subtract this abbreviated 
correction from the preceding divisor, cutting off one right hand 
figure from the remainder, and the same will become the abbreviated 
divisor. 

For the second abbreviation, find another root figure as above 
directed ; and multiply this root figure into the line 3 y' , omitting 
the two right hand figures of 3 ?/' ; place the product underneath 
the lower line, and one figure to the left of the right hand figure of 
that line; the sum of these two lower lines will be the second 
abbreviated correction, which subtract from the preceding divisor, 
cutting oJff one figure from the remainder, which will become the 
second abbreviated divisor. 

For the third, fourth, &c., abbreviations, proceed in the same 
manner, cutting off in each step two figures in the line 3 «/' , until 
the corrections become nothing, after which the balance of the root 
figures is obtained by contracted division. 

These rules will be far better understood by reference to the 
example, which we will now proceed more folly to explain. 



.8 



• 


•09 
•0 


let correction = 


•09 




-9 
•38 




•09 
09 
27 


2nd correction = 


•2079 




•99 
•886 




09 
27 26 
495 


8rd correction = 


•088776 



NUMEBIGAL SOLUTION OF CUBIC EQUATIONS. 



98 



995 
■8361 



25 

496 01 

1006 

4th correction = -00610051 



6th correction = 



-9968 
•83612 



01 

1006 04 

20106 

1206264 



•99636 
•386126 



04 
20106 26 
602680 



6th correction = -000026183626 

'996866 
•3361266 



26 
602680 86 
6082260 



7th correction : 



•000006680076 



9968166 
•886126608 



86 



608226 
301 

8th correction = • 000000606214 



9th correction = 



•99168166 
'8851266087 

801 
7 

•00000000817 
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Bj inspecticm of the group of figures in the example, underneath 
the quotient, it will he seen that each of the three lines whose sum 
gives the respectiye eorreetions in the foregoing explanations, is 
embraced in that small group ; and that the figures in each exist 
in their proper position in regard to the numeral scale. 

Each correction is obtained by simply squaring the last found 
root figure, and placing the same on the ri^t of the last line ; and 
then forming a new line by the product of this root figure into 8 1/ : 
thus each correcticm is found by a momentary process, or by simply 
furnishing an additional line to the group. Thus this new method 
saves an immense amount of labour, and introduces a simplicity 
almost equivalent to that of extracting the square root. 

(102.) In the last example, although eighteen figures of one of 
the roots are developed, yet only ten or eleven figures of the divisor 
are rendered permanent ; in finding the other roots of the equation, 
this permanent divisor can be used to great advantage ; if, therefore, 
we can by some short process obtain seventeen or eighteen perma- 
nent figures, it will be desirable. We shall show how this, by the 
aid of the eighteen figures of the root, may be done. 

Let r« be the w/th figure of the root ; let cZ be the ^th or "^th 
divisor, which contains m corrected figures ; lei p he the permanent 
divisor sought ; then we shall have, 

when m is even, 
, . . . ,_(6(n+^+ . . . +r. ) ('•=.. + '•...+ • • • +»•.-) 

when VI is odd, 
n...d- J6('''+''»+ • • • +''!i±i) ('■->» +'"-±« +•••+'•«.- 1) 
+ 8 {n+r»+ . . . +r^ '■«±i I = i> 

By these fonntilas the permanent diyisor p can be depended npon 
to m — 1 or m figures. 
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For instance, in theUast example, the first divisor which contains 
m figures is the 7th; from which, when the necessary two cyphers are 
added, snhtract the 8th and 9th correction, and we have the j th 
divisor. 

20 • 6680780998996400 
8th and 9th correction - 6062418504 



d = ^th divisor = 20 • 6680724986577896 

2nd term of formula i. = - 44998882 



p = Permanent divisor = 20 • 6630724891579514 

On account of the importance of this permanent divisor in obtain- 
ing the remaining roots, it would be a saving of labour to carry out, 
in the first column, all the figures of the corrections until the 
^thor^^^th divisor is reached, abbreviating in the division by 
cutting off the requisite number of figures, the same as if these 
figures were not retained. 

If the student will have the patience to develope these eighteen 
figures of the root by Horner's method, he will be better qualified 
to judge concerning the great amount of labour saved by this new 
method, besides the advantage of far greater simplicity of arrange- 
ment, by constantly retaining the divisors and corrections in the 
same horizontal columns with the dividends. 

EXAMPLE 2. 

(108.) Required the three roots of the equation 

b c 

Y = If -7y + 1 = 

to fourteen places of figures. 

h^ , . 

— — j- = 7 ; this ratio being less than 18 • 5 , the equation of 

differences must be found ; thus 

Z = z^-Sx7z+ \/ -4 "(^ 7y-~ 27"(~7 )« = 
that is «3 _ 21 ;$; + 7 = 
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But this eqiuiticm is identical to the one in example 1 ; therefore 
d^teen figores of 7^ , iddch is one of the differences hetween two 
roots of Y y are already known. . 

Let the two remaining roots of Z he represented hy 2;" , >- z'" ; 
and let the three roots of Y he represented hy y' , y" , — y"' . 

These five remaining roots can he found hy a very simple process, 
explained in article (64.) ; that is, divide c hy Jth of the permanent 
diyisor given ahove, and the quotient will he equal to — y^" ; thus 
we shall have two roots ; the remaining four roots can he obtained 
directly from these : thus 

(-8 • 0489178895228 = -y'" 
9 )-20'66807248915795 = p 

- 2-2|9i5|8|9j6|9|4j3|2j3|^^^^^ 7 • 00000000000000 

6 ' 88769082971931 

• 11230917028069 
9188 58777295 9 

2047329255110 
1836717554592 

210611700518 
206630724892 

8980975626 
2296896948 

1685078688 
1607127860 

77950828 
68876908 

9078915 
6887691 

2186224 
2066807 

119917 
114795 

5122 
4592 

530 
459 

71 
69 
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Therefore we have (64.) 

7^ = - 3 0489178895228 = - //'" 



iP 



,./// 



8851256087878 = 



^ ~ ^ = 1-8568958678922= //' 
y"' - y' = 1-6920214716801 = / 
y'" + y' = 4-4058182074145 = 2!' 
-y'" _ y - 4-7409888111524 = - z'" 

(104.) This method of finding five roots of two equations after 
one is known is not only very simple, but far more expeditious than 
any other method known : to obtain the last four roots is but little 
more trouble than merely writing them down ; and even ~ y'" is 
obtained by contracted division, with only about one half the labour 
of long division. The equation y® — 7y + 7-=0,of which y' , 
y" , — y'" are the roots, is considered one of some difficulty, being 
treated at some length by Lagrange ; but the method which we have 
given has excluded all difficulties arising from the near approximation 
of the roots to equality. 



13 
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(105.) Given y" - 618246 y + 99228483 = to find the three roots 
to about twelve places of figures. 
The equation of difierences becomes 

«» - 1854738 z + 824253709 • 083335 = 



^=-618246' 
1 1 



IS * 9 1 1 

8y' = 884-8782 

2^' = 168-19642846328 
. . 1 



608246- 

416 
566646' 

29104- 

537542- 

4018- 

533523 
95 



41 

T9 
8151 



c= 99228488- 

608246 

3840388 

3899876 

4405123 

4300336 



36 
18 64 
. 384 
. . 50 



104787 
53352 



533427 

48 



7749 
4306156 



51434 
48008 



533379 
3- 



3441244 
229'32736 



3426 
3200 



533876 



111491664 
2119 



225 
213 



5|3|3|3|7|5 •1910 



12 
10 

1 
1 



359 
641 
499741 



141259 
276065 



865194 
350446 



514748 
667518 



847230 
600128 



247102 

213350 

33752 

32002 

1750 

1600 

150 

107 

43 

42 

1 



01 

4 81 
45-387 136 
8-027|4'2 16 

. -20118352 

. . . I'oi 
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It mU. be observed that, though fourteen figures of the root are 
obtained by the above process, yet only six figures are rendered 
permanent in the 8th divisor ; let it be required to obtain a divisor with 
thirteen permanent figures; in this case r^ = r^- By art. (102.), 
formula n., we have 

rf='~th divisor = - 688376 -1149166 = 7th divisor, given 
2nd term of form. n. = + • 2255148 above 

/? = permanent divisor = - 688875 • 8894028 

It vrill be perceived, by retaining the surplus figures, which are 
cut off in the above example, and not used in dividing, that the 
^~^th or ^^th divisor is already prepared for the correction to be 
applied by the second term of the formula. The retention of these 
surplus figures, in the first and last vertical columns, for merely the 
space of about one or two corrections, is but a momentary additional 
labour. 

To obtain the remaining roots of Y = , divide c, by the perma- 
nent divisor p, the quotient will be equal to — z'" , which is one 
of the roots of the equation of differences ; art. (65.) 



Therefore we have 






Si. = 
P 


- 1545-362896707 = 


- z'" 


Z"' - 8 r' 


168-196428468 = 

520-881568159 = 

1024-970888548 = 


y' 


2 


2/' +«' = 


688-577986622 = 


y 


-f -y' = 


- 856-774410085 = 


-y' 



Thus not only the three required roots y' , y" , — y'" are 
obtamed, but the three differences are also made known. 

(106.) The student should be careful to remember that the 
symbols rj, r^, rg, r^, &c., not only represent the figures of the 



100 KUMEEICAI. SOLUnO!! OF CDBH) SQUATIOIIS. 

root, but also their denominatioD in the numeral scale; for instance, 
in this example, 

r, = 100- 

r, = 60- 

r, = 8. 

r, = 1. 

r, = -09 

r. =. -006 

r^ = -0004 

In b^inning the operation of development, the rales relating to 
the multiplication, division, &c. of decimals must be strictly observed ; 
but when the work is once started, there is no farther trouble, and 
the decimal point may be omitted ; for the orderly arrangement of 
the system points oat the exact place of all the figures, as may be 
seen by reference to the last two examples. 

EXAMPLE 4. 

(107.) Beqnired the roots of the equation 

b c 

Y = y8 - 6-76y + 6-749 = 

to about six places of decimals. 

Equation of differences Z = ;e» - 20 • 26 « + • 60871699 = 

b^ 
^ is over 20 000, therefore a root of Z may be found by formula 

IV., art. (60.) 

- b 



^- 






= -02981444 = «' 



and art. (64.) 

= - 2-9959601 = - 
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-^—^ = 1-488068 = //' 

y"' ^ y' ^ 1-612882 = y" 
y"' + y' = 4-479018 = . «" 
- y"' - 2/' = - 4 • 608882 = - «'" 

EXAMPLE 5. 

(108.) Required the roots of the equation • 

b c 

Y = t/8 _ y _ . 88490017 = 

to eight places of figures. 

Equation of differences Z = ;?» - 8 « - -0004484164 = 

The ratio of '- exceeds 100 000 000; hence we have by 

formula v., art. (60.) 

- A = _ -0001478051 = - ;5' 



b' 
c 



9 

- y'" + z' 



1-16470053 = 



= - -67727686 = - y' 

-y'" + y'=- -67742417 = - y" 
^y'" ^y' = - 1-78197689 = - z" 
y'" + 2/'= 1-78212470 = z!" 

(109.) The equation Y of this example is very difficult by the old 
method, because the two roots — y' , — ]f' , have their first three 
fiigures alike ; but by our method, the nearer the roots approximate 
equality, the less the labour in obtaining them. 
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EXAMPLE 6. 

(110.) Beqnired the roots of the equation 

b c 

Y = y8-8?/-l=0 

to eight places of figures. 

Equation of difierences Z = «* — 9« — 9 = 

The ratio of ^ = 27 ; hence y' must be sought. 





-8y' = - 

- y' = - 


1 1 
-•921 

-•847296856 


-8- 
•09 




•09 
•0 16 
86 49 


2-91 
.2176 


-1- 

•878 


714 j04 
2082 


2^6924 
46889 


•127 
• 107696 

19804 
18522077 


94 


2-646011 

7446{24 




2-68856476 
802 


781928 
527718 

254210 
287448 




2|- 6|8|8|216 






16767 
15829 






988 
791 

147 
182 

Ts 

16 
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Find a permanent divisor to eight figures ; that is, m = S; 
d = 'J^th divisor = - 2 • 6886647 = 4th divisor. 

2nd term of formula i. = + 4090 

p = permanent divisor = — 2 • 6881557 

Therefore we shall have (65.) 

- • 8472968 = - y' 



c 
P 



c, 



- 2 • 6881557 

- z'" + 8 y' 



= 8-4114741= «" 



= - 1 • 1847926 = - «' 



2 

- z"' + «' = - 2 • 2266815 = - «" 

- y' - iff' = - 1 • 5320889 = - y" 
y' + f = 1 • 8798852 = y'" 

EXAMPLE 7. 



(111.) y»- 13 -SyH- 13-5 = 



13-5 

I • 
12-5 

2-2 



781 



10-2 
•3 



219 
12424 



3 y =|3 o|7 4|oi 
y =1098076211363316 
1- 
13-6 00 8 1' 

12-5 -270 64 

1- 2616 0049 

•919971 23 0580 18 6 



9-9 



09476 
265185 



849 



9-8 



829574 
3503 



151 
550196 



9-8 



827070 
204 



6866 
6 



6859 



60 

2^4 

3 

9 

4 

3 



9 •|8!8i2|6|8,5|9 



80029 
79275808 
763192 

691807019057 

61384980943 

59296242360 

2088738583 

1976537327 

112201256 

98826859 

13374397 

9882686 

3491711 

2964806 

526905 

494134 

32771 

29648 

3123 

2966 

168 

99 

69 

69 





19 7 66|2'6 

6 5|8i8 
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EXAMPLE 8. 

Required the three roots of the equation 

b c 

Y = i^ - 900 y + 10392 • 80484 = 

to fourteen places of figures. 

Equation of difierences Z = 2fi - 2700 z+1' 74298990895 = 

The ratio of ^ ^ ^^ &^^ ^^^ ""^ figures of the root z' can 

be obtained by dividing c, by 6, ; (see art. (60.), formula v.) 
therefore, by art. (64.), we have 

= • 000645533297 = z' 
= - 34 • 641016149874 = - y " 



c 



8 z'^ + b, 



9 



if -^ 

2 


17 • 820186808088 = 


y' 


y'" -y' = 


17 • 820830841886 = 


?/' 


y"' + y' = 


51 • 961201457412 = 


a" 


- y- - y" = 


- 51 • 961846990710 = 


— z" 



(112.) The first five figures of y' and ^'are alike ; in consequence 
of which the equation by the old method is one of extreme dif&culty, 
requiring a vast amount of labour. Mathematicians who are ac- 
quainted with Stubm's analysis will immediately recognize the great 
superioriiy of this new method, in not only dispensing with all 
theorems for the separation of the two roots, but dispensing with 
HoBNEB*s method of development, and arriving at the root by com- 
mon contracted division. 

(118.) There is a certain class of equations, containing three 
imaginary roots of the form of a V ~ 1 ; they may be known by b 
and b, , both being real and positive ; while c and c, are both 
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imaginary : whan e is po iiiye, the equation will have one poeitive 
and two negative imaginary roots ; and when c is negative, the 
equation will have one negative and two positive imaginary roots. 

The mle for finding these roots is to change the signs of the last 
two terms of the equation, excluding the radical V^ — 1 , and de- 
velope the roots as if they were real ; when found, afliz the radical 
sign V^— Tto each. 

EXAMPLE 9. 

(114.) Required the roots of the equation 
b e __ 

Y = y» + 7y -7^-1 = 
to four places of figures. 

b, c, 

Z=x^ + 21 5-7^-1=0 

Change the signs ; thus if-^7y + 7^0 
Equation of differences js"— 21i + 7=^0 

Find the roots of these two equations precisely as in examples 1 
an J 2, and affix the radical sign. The roots to four figures will he 

•886 v^ri = z^ 

- 8-048 V"iri « -. y"' 
1-866 V"iri ^ y' 

1-692 V":ri ^ f 

4-405 v^"^^ = «" 

- 4-740 V'^^1 = - z'" 

EXAMPLE 10. 

(115.) Required the roots of the equation 
h c 

Y = 2^ + y + • 88490017 V"^ = 
to four places of decimals. 

Z=^ + 8«+^-4(l)»-27(- 88490017 ^/'^^^f = 

*' '' /— ^ 

that is «» + 8^ + -0004484154 V^Hl = 

Change the signs y^ - y - ' 88490017 = 

;st . 8;^ - -0004484164 = 

14 
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Find these roots as given in example 5 , and afliz to each V — 1 

- -0001 V"tri = - «' 

11647 V^TT = y'" 

- -6772 v'ini = - y' 

- • 6774 V"^l = - y" 

- 1-7819 V'"^! = - ;5" 

1-7821 V^ri = 5'" 

(116.) If the coefficients of the proposed equation y* + 6 y + <^=0 

are real, and ~ — is less than 6 * 76 , the equation will have 

two imaginary roots (96.), and one real root, whose sign will be 
contrary to that of the final term of the equation. See art. (20.) 
When this term is negative, find the first figure of the real positive 
root, by substituting for the unknown quantity , * 1 , * 2 , * 8 , &c ; 
or • 01 , • 02 , • 08 , &c. ; or • Oai , • 002 , &c. ; or 1,2, 
8 , &c. up to 10 ; or 10 , 20 , 30 , &c. up to 100 ; or 100 , 200 , 
800 , &c. up to 1000 ; and so on, until a number is found which, 
when substituted, will give a positive value of the equation: the 
first figure of the last number substituted which gives a negative 
value to the equation, will be the first figure of the positive real 
root. But when the final term of the equation is positive, substitute 
for the unknown quantity — • 1 , — • 2 , — • 8 , &c. ; or - • 01 , 
-•02, --03, &c.; or --001, -'002, &c.; orO, -1, -2, 
— 3 , &c. down to - 10 ; or - 10 , - 20 , - 80 , &c. down to 
-100; or -100, -200, -800, &c. down to -1000; and so 
on, until a number is found which will render the value of the equa- 
tion negative : the first figure of the last number which renders the 
value of the equation positive, will be the first figure of the negative 
real root. 

After the first figure is thus found, proceed to develope the 
remainder of the root, according to Hobner's method, art. (98.), 
example 1, or according to the abridged method given hereafter in 
art. (121.) 

EXAMPLE 11. 

(117.) Required the positive root of the equation 
Y = y»-2y-6 = 
to sixteen places of figures. 
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Lg Q 

The ratio ^^ - "^ = ^ > ^^ being less than 6 • 76 , the 

equation must contain two imaginary roots, (96.) ; the final sign 
being negative, the real root will be positive (20.) ; snbstitate 0,1, 
2 , &c. As the value of the equation is positive when 8 is substi- 
tuted, and negative when 2 is substituted; therefore 2 must be the 
first figure of the positive root. 

Having found tUe first figure of the root, we shall proceed to 
develope the root to sixteen places, by the method of Hobneb, 
introducing in the course of the operation such abbreviations, as 
are the most usual in working his method. 

09455 




2 
2~ 

i 


-2 
4 
2 
8 


-6 (2'0 
4 

-1000000 
949829 


4 
2 


100000 
6481 


-60671000 
44517684 


600 
9 


106481 
6662 


-6168416000 
6678824626 


609 
9 

618 
9 


11104800 
26096 

11129896 
26112 


-674691876000 

658065246876 

-16586128626 


6270 
4 


1116460800 
814126 




6274 
4 


1116764926 
814160 




6278 
4 


111607907600 
8141776 




62820 
6 


111611049275 
8141800 




62825 
6 

62880 
6 


111614191076 








628860 
6 






628866 
6 






628860 
6 







628865 



WB 
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The role for abbremting is as follows ; for each additional figure 
of the root, strike o£f one figure from the right of the middle colmnn, 
and two figures from the right of the first column. 

We will now aj^ly, on the present example, this abbreviating 
process. 

y"' = 2 0945*1481542826 



62ia( 



116X41910716 

6284' 

1161425891 

6284 

1161481676* 
251 



116148419 
251 



11614867|0 + 

5> 



11614872 
5 



1|1|6|1|4|8|7|7 



^ 16686128626 
11161425891 

^ 6874708284 * 
4464578676 

- 910129558 + 
892914976 

172145881 
11161488 

6058144 
558071» 

47242S 
446467 

2596e 



8646 
297 



74 

7 

The stndent should make himself fhoronghly acquainted with this 
abbreviatmg process. First, it wiUL be perceived thai six figures of 
the root are obtained without any abbreviation; secondly, three 
figures more are obtained by cutting off at each step one figure from 
the right of the middle column, and two figures from the right of 
the first column ; and lastly, seven figures more are ftimished by 
common contracted division. By carefully working the example 
more practical information can be gained, than by reading any 
written rules. 

(118.) The two imaginary roots can be obtained by d^ressing 
the equation to a quadratic, with the root already found. 
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(119.) If the trial divisors are eompared with the true divisors, 
in the preceding example, it will be perceived that after two or 
three figures of the root are obtained, the last true divisor can be 
used for a trial divisor to find the following figure of the root; 
therefore, in all cases when the root y'^' is sought, after two or three 
figures of the same are obtained, the trial divisors of Hobneb may 
be dispensed with, and the labour be greatly shortened. Likewise 
the three vertical columns, used in the new method^ can be reduced 
into two* 

We will now gjive the last example, worked after the xiew method. 





6 


sill IS 

•07255824 






Root 


= 2 


094551481542826 




-2 





5 




'•i» 


= 4 


1 


4' 






2- 


M trial 
00 J divisor. g^, 


1 


000000 . 


2 r,*+rf 


= 8- 




949829 


8r,r. 


= 







50671000 




10- 


00 « 


4 


44617684 


2r,« + r,» 


= 


081 




6168416000 


8(»-,+r,)r, 


= 


•540 




, 6678824626 




10 


5481 * 




674691875000 


2 r,»+r.« 


= 


16216 




, 568056246876 


8(ri+r,+r^r. 


= 


2508 




16686128626 


, 


11 


•12989e * 


y 11161425891 


2 r.»+r^« 


= 


8225 




6874708284 


8(r»+r.+r,+n)»-. 


= 


81410 




, 4464678676 




11 


•15764925 « 


910129659 


2 r^+r/ 


= 


5025 




, 892914976 


8(ri+ . . +r,)r. 


= 


814175 




17214588 




11 


•1611049275 « 


„ 11161488 


2r^ 


= 


50 




6068145 


8(ri+ . . +r,)r. 


= 


628865 




6580718 




11 


•1614258911 '' 


472427 


S(r,+r,+r,+n)r, 


= 


25184 

8418(8 * 

502 




446468 
25969 


8Crx+r,)r, 


= 




22828 






872]0 » 





8644 








8868 




11 


•16|1|4877 w 




298 








228 










76 










- 67 










8 



I 'l 



110 
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In art. (121.) a still greater abbreviation will be given, with roles 
for retaining the tme divisors directly on the left of the respective 
dividends. 

EXAMPLE 11. 

(120.) Required the negative root of the equation 

Y = y^ - 2y + 17488295482 = to sixteen figures. 

It will immediately be perceived, that the first figure of the root 
most be of the denomination of thousands; by snbstitating — 1000 , 
— 2000 , - 8000 , it will be found that — 8000 changes the value 
of the equation from positive to negative ; therefore — 2000 will be 
the first denomination of the root, or rather — 2 will be the first 
figure : proceed in the development by Hobnbb's method. 

- 2598-192282680995 




— 2000 



-y" 



4000000 



— 2000 

— 2000 




8999998 
8000000 








— 4000 
-2000 




11999998 
8250000 




-6000 
- 500 




15249998 
8500000 




-6500 
- 500 




18749998 
688100 




— 7000 

- 600 




19488098 
691200 




-7600 
- 90 




20124298 
28819 




— 7590 

- 90 




20147617 
28828 




— 7680 

- 90 




20170945- 
777- 


00 
91 


— 7770 

— 8 




1 


20171722 

777 


9 
9 


1 
2 

300 
451 


— 7778 

- 8 


20172500' 
700 


8 

1 


-7776 
- 3 


20178200 
700- 


9751 
1582 


— 7779 


20178901 
15 


128 
559 


8 


— 7779 


1 

I 


20178916 
15 


687 
559 


— 7779 


2 

1 

80 
9 


20178982 

1 


•2 
6 


46 
6 

1 
6 


— 7779 • 


20178988 

1 


•8 
5 


— 7779 • 


89 
9 

48 
9 


20178986 


8 
•6 


6 


— 7779 • 


20178986 


•0 
•6 





+ 17438295482 
7999960000 
9488299482 

— 7624999000 
1812800482 

— 1748971820 

64321662 
— 60442861 

8878811 000 
-2017172-291 

1861638 * 709000 

— 1815588 • 017769 

46060 ' 621241 

— 40847 - 888374 



6702- 
4084 



787867 
786762 



1668 081105 
— 1618 . 914880 



54 • 086225 
40 • 347873 



18 
12 



738852 
104362 



1 • 683990 

1-613915 

20075 

18156 

1919 

^ 1816 

108 

101 

2 



-77179 -167 



2 0|l|7|3|9|86-6 



mniBBIOAI. BOLUnOM OF ODBIO IQUATIONB. 



Ill 



The other two roots of course are imaginary. 

, (121.) We will now give the preceding example, worked by onr 
abridged method, which will show the amoant of labonr saved. 



-8y"' 
- y"' 

8y"'r. 

8 y'" t* 

d» 
8 y"' r, 

d, 
3 y'" r. 

8 y"' r. = 



11 11 •!« 

- |65|79-|87 

- 2598-192282680995 

, 6= -2- 

4|25=r,« 



= 8999998- 
: 80 |81=r,« 


■rf 


:16249998- 
675 |09- = 

:19488098- 
2881^ 


20147617-10 
777-9 


1 


= n' 

81 

7 

5104 
914 


=20171722-91 
700-13 


=20178200-97 
15-56 


916-68 
1-55 

988-80 
•62 


74 
59 

2 
2 


935-9 


8 
1 



20|1|7|8|9|3|6-|6 



17488295482 , 
- 7999996 



= c 



94882994 
76249990 




181880048 
174897882 




64821662 • 
60442851 . 




8878811 ' 
2017172 • 


291 


1861688 
1815688 


709 
087759 


46050 
40847 


• 621241 
888875 


5702 
4084 


787866 
786760 


1668 
1618 


001106 
914878 


54 
40 


' 086228 
• 847878 


18 
12 


788855 
• 104862 


1 

1 


• 688998 

• 618915 




20078 
18156 




1922 
1816 



106 
101 



u» 



b Oh aaivle, kk As tao taal £«iMB ba 4 and 1^ ; 

1^ = S r^' + 4 = 11999998 
r,« = 25 

< = 15249996 
^ = 2 r,« + 5 r^ r, + < = 18749996 

KCLBS. 

In the above pfoeesB, the two tml dhison t^ and t^ need 
not be wiitten down; £ar Hhej aie cmfy to be used mentally, as 
soggestivec^the aeeood and third root figaroB. 

1. 1^ is obtained bv menta% adding 2 r^ to the first trae 
dmsor, dg, 

2. ^ is obtained by madaHj addipg the second true divisor d^ to 
Sr^r, + 2r,«. 

It is seldom, if ever, in the derelopment of y'" , that a third trial 
divisor, distinct from a tree divisor, is reqoirsd. 

8. With 1^ , as a mental divisor, find r, , and place its sqnare on 
the ri^t of Tj* , and let a vertieal line be placed between them ; 
nndemeath d^ , place 8 y"' r, , the ri^t hand figore of which being 
placed one digit to the left of the ri^t hand figure of V; the smn of 
the three rows, doubling r^ , is eqoal to the second tme divisor, d^ . 

4. With ^ , as a mental divisor, find r, , and place its sqxiare at 
the distance of three figures on the right of, and in the same line 
with, 8 y"' r, , drawing a vertical line between them ; nndemeath d^ , 
write 8 ^" r, , so that its right hand figure shall be one digit 
to the left of the right hand figure of r,* ; the sum of these three 
rows of figures + ^U*t will be equal to the third true divisor, d^ . 

5. Wiik <i, , as a trial divisor, find r^ , and place its square at the 
distance of three figures on the ri^t of, and in the same line with, 
d /" ^8» drawing a vertical line between them; underneath 
dgf write 8 y'" r^, so that its right hand figure shall be one 
digit to the left of the right hand figure of r^^ ; the sum of liie 
last three horizontal rows of figures + 2 r,> , will be equal to the 
fourth tme divisor, d^^. 
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6. With €^4 , as a trial divisor, find r^ , and proceed as in the 
previons steps : and so on. 

7. When the square of the root figure (which has to he douhled 
when added to the three rows of figures) extends to the right of the 
coefficient b , it may he placed on the right of the preceding true 
divisor ; as in the example, r,* , r^* , r^* are respectively placed on the 
right of cl^y d^f d^y and vertical lines drawn hetween them. 

8. When the ahhreviation commences, one figure on the right of 
each true divisor is cut off; and the abbreviated corrections are 
obtaiaed by cutting off successively two figures in each step, on the 
right of the horizontal column above the root figures, or — 8 y , as 
clearly shown in the example ; and finally, several of the last figures of 
the root are obtained by contracted division. 

9. To avoid repeated multiplications of the root figures by 8 , the 
student should be careful to remember the object of the horizontal 
row of figures which is placed above the root figures, and how they 
are successively originated by multiplying each root figure by 8 , 
beginning on the lefb{ and remember that when the product is over 
ten and twenty, to carry the I's and 2's to the place of the preceding, 
figure, and set them over the same ; thus, by multiplying each root 
figure into the preceding figures of the row or rows above, the several 
connections are immediately obtained. See the instructions upon 
this point in art. (101.) 

Besides the vast amount of labour saved by this new method, the 
arrangement is much more simple, by constantly retaining the 
respective true divisors on the left of, and in the same horizontal line 
with, the respective dividends. 

(122.) When the proposed equation has two imaginary roots, the 
real rqot will always bo of the sign opposiu^ fliat of the final term 
of the equation. When this root is developed, uwill be of advantage 
to use trial divisors, till about two or three figures are found, as in 
art. (121.) The root developed by my method, when the equation 
*i of differences is used, is one of the two positive or of the two nega- 
tive roots, which is numerically the smallest. In obtaining this 
root, we have seen that the trial divisors of Hobneb are not in any 
case required ; for the preceding true divisor is made the trial divisor 
for the following figure. 

(128.) We have seen that when the ratio of -j- is less than 

16 
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13 . 5 , and greater than 6 * 75 , the equation ci differences fur- 
nishes the root : bat when the coefficientg are huge, the Libonr of 
finding the equation of difierences is increased ; in soch a case, the 
student can, if he chooses, always dispense with the equation of 
di^erences ; and proceed, as in art. (121.), to find the root whose 
sign is opposite to that of the final term of the proposed equation, 
(20.), the first figure of which he must find by trial: see arts. (116.) 
and (117.) When he has fi)und this root, which we have heretofore 
designated by tf"' , he can then find i'^ one of the differences, by a 
very simple process : for, if the general equation be 

y« + 6y + c = 

V8 e 
-jT, — h 

After haying found y"' and s/ , the other roots become imme- 
diately known, as has been shown in several examples. Thus the 
labour of obtaining the equation of differences is avoided. Also in 
finding this root, there is no danger of encountering some other root 
of the same sign ; for only one root can be of the sign contrary to 
that of the final term; therefore Stubm's theorem for the cubic 
equation is entirely unnecessary. 

(124.) When the equation of differences is dispensed with, the 
formula 



/3c 



will always show whether the proposed equation has imaginary 
roots ; for when c is positive, y'" will be negative ; and when c is 
negative, y'" will be positive (20.) Also when h is negative, the 
last term under the radical will be positive. Therefore if the coeffi- 
cients of the proposed equation are real, it can have no imaginary 
roots if ;?' is real ; but when z* is imaginary, the proposed equation 
will have two imaginary roots. 

(125.) Another easy mental process will generally detect imagin- 
ary roots ; that is, cube one or two of the first figures of h , allowing 
in the mind cyphers for the rest of the figures, divide this cube by 
the square of one or two of the first left hand figures of c , with the 
requisite number of cyphers added, and notice if the quotient is less 
than 6 * 75 ; if so, the equation most likely contains two imaginary 
roots ; but if the mental process cannot determine sufficiently exact, 
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then resort to the usual method of operation by figures. See arts. 
(94.), (95.), and (96.) 

(126.) We shall now give a few examples for finding y'" , or the 
root whose sign is opposite to the final term of the equation ; see 
art. (20), working the same by the new method, as in art (121.) 



EXAMPLE I. 



Required the root — y'"^ in the equation y* 
sixteen figures. 

Substitute successively for y , — 1 , — 2 , — 

— 4 changes the value of the equation ifrom 

— 8 is the first figure of the root. 



- 7y + 7 = 0,to 

8, - 4; art. (116.) 
+ to - ; therefore 



- 9 

- 8 


12 2 

02478 
048917889622805 = - 


- 7 
9 
2 


"00116 c = 
86'0 



7' 
- 6 



20 


■861664 
7296 


20 


•797824181 
8229'6 


20- 


87914241|01 
914617 


20 


•8874650971|49 
6402711 



62059114 
2744'0 



68786 

274 
690818 

'8 



20-l8|8|7|6|9|0l7 



814464 
185586 
166882592 
19158408 
18791228169 
862179881 
208874650971 
158805180029 
146218844140 
7091885889 
6266806209 
825529680 
626680711 
198898969 
187989216 
10909758 
10448846 
465908 
417754 
48154 
41775 
6879 



118 

104 

9 
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The root — y'" in this equation is found, art. (108.), by another 
process to fourteen places of figures. 

EXAMPLE 2. 

Find the root y''^ in equation y» - 6912 y - 179712 = 0, to 
nine places of figures. 

l27|9-7 
98-9415716 = y'" 

ft = - '69,i2"- 
8109- 



1188- c = - 179712- 

81 . 10692 



18207 
261 


■81 
■1 


19286 
11 


•9116 

•268 


19650 


•90 

•28 


19662| 


'4 



72792. 
54621 • 



18171 • 
17868 • 219 

812 • 781 
782 • 086 

80 • 746 
19 ' 662 

li9|6|6|8 • 11 • 188 

' ' ' ' 9-781 



1-402 
1-869 

88 
20 

18 
12 



EXAMPLE 8. 



Required the root y ' ' ', in the equation y» — 144 y — 691 - 199 = , 
to ten places of figures. 

By substituting 10, 20 , for y , it is found that 20 changes the 
sign of the equation ; therefore the first figure of the root is 1 . 
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b = 



|89-|78 






18-91645696 


= y'" 




1,44- 






l|09- 






- 44- 




c = - 691 


9 




- 44 


265-81 




- 1181 


851 




766 



199 



898 



91101 

41'7 



486-047186 
'25088 

•71417 
16'7 
•9812 



4l8|7hOIO 



866 
859 


•199 
•019 


7 
4 


•180 
• 860471 


2 
2 


■ 819529 
- 620288 




199241 
174798 




24448 

21850 

2598 

2185 



418 

898 

20 

22 



EXAMPLE 4. 

Find the root y''", in the equation 

2/> - 1675697859 y - 26402295895502 := 0, 
to twenty-three places of figures. 

By making y = , the final term will be the value of the equa- 
tion ; to obtain a positive value, it will be necessary to substitute 
a number whose cube will consist of at least fourteen figures; 
therefore, the integral part of the root must have at least five 
figures; hence, substitute successively 10000, 20000, 80000, 
40000 , 50000 ; this latter changes the value of the equation from 
— to -f ; therefore 4 is the first figure of the root. 
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Root 


S 1 s s - t s 

121681-777 
= 47267-999878064229272620 = y'" 


b = 


-1675697859- 
1649 






-75697859- r=- 
84 04 


26402295896502- 
802791486 




4018802141. - 
282 86 


29480209765 
28098114987 




4979542141- 
8496 49- 


18870947686 
9959084282 




5016821741- 
99246 


84118634080 
80097980446 




6026817460-81 
127620-9 


40207085842- 
86180722160- 




5026987629-7181 
12762-88'8 


6026818692- 
4524248866-789 




6027078014-6711:81 
1276-2867'8 


602069826-261 
452487021-811899 




6027092068-1 561 11{64 49682808 • 949601 

118-44819 7'6 46248828 - 478404999 




8442-8862011 
9-926280 


4888976-471196001 
4021674-764268161 




8666-2046|8 
•42641 


867800-716927840 
851896-549684827 




8676-556|4 
80 


16404-167298618 
16081-280729669 




50j27j0j935l76-,9j9 


822-886668844 

801-625614619 

21-260949225 

20-108874808 

1-152674917 

1-006418716 

•147166202 

•100641872 

46614880 

46248842 

1870488 

1005419 

865069 

861896 

18178 

10054 

8119 

8016 

108 

101 
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The first eight figures of y' ' are found without abbreviation ; the 
next four are found by abbreviating the corrections ; and the last 
eleven, by contracted division. 

It will be seen in art. (182.) that the root y'" , of this example, 
is found by the method of differences, to twenty-two places of figures. 

To develope the root ?/"' by Horner's abbreviated method, would 
not only be far more intricate, but require in the operation more 
than double the number of figures. 

EXAMPLE 5. 

Given ;?» - 2700 ;s + 1-74298990895 = 0, to find - z'" 
to seventeen places of figures. 

By trial the first figure is — 5 of the denomination of tens. 



- 158- 

- 51 


1 8 

7884 

961846990707880 = Root 


= -«'/' 


-2700 
2 5:01 
- 200- 
16 




+ 1- 
+ 10000- 


74298990895 



4951 
187 



:81 

'7 



5241' 
9' 



51 



842 



86 



5890 



1756 
1558 



01 

8 



6899-680681|64 
•124706'4 



5899-96127004 
62 8 6 41 



16 
6 



5400-0922181,4 

9 3 5 811 

5 4 00^ 



099888 
140 



5400' 



10045 

1 



5i4IO|0-|l|Oi0 61 



+ 10001 • 
- 4951- 




5060- 
4717 


742 
859 


888 
828 


• 888989 

• 410686 


9 
5 


• 978408908 

• 899680681 


4 
4 


• 578728222960 

• 819969016082 




• 258754206918 

• 216008688525 




87750518898 
82400596808 




5849922090 
4860090418 


^ 


489881677 
486009055 




8822622 
8780070 




42552 
87801 



4751 

4820 

481 

482 
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The root — t^" is given in art. (111.) by the equation of differ- 
ences, to fourteen places of %ures. 

EXAMPLE 6. 

Given ^ — y— 1 =0,to find \f" to seven places of figures. 



8 -196 
1-824718 = 


= y"' 




1- 






+ 1- 
0'09 
•9 


e = 


- 1- 
0- 


2-9904 
78 




- 1- 
•897 


4-148416 
1584 




•108 
82968 


4-2481 
28 




20082 
16972 


4-2162 




8060 
2988 

77 
48 
84 
84 



EXAUPLE 7. 





Given t/» + 2118246 yH-7 = 0,tofind- y'" to twenty-one 
places of decimals. 

-^ = - -000008804620898611898 = - y"' 

In this example the ratio of — ^- is very great, consisting of 

about eighteen figures ; hence, contracted division of the coefficients 
furnishes the root which is correct to the last figure. See art. (60.), 
formula v. This root is given among the following examples, 
developed by our new method to twenty-nine places of decimals. 

(127.) When h is positive, — becomes negative ; and when 

-jp IS equal to, or numerically exceeds — 18 * 5 , the first figure 
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of — r will generally be the first figure of the root ± y"', being some- 
times about a unit too great, which, however, is always detected, 
when the square of the first figure is added to 6 in forming the first 
true divisor; therefore, in all such cases — ^ is the first trial divisor 
for the first figure of the root. 

EXAMPLES FOB PRACTICE. 

(128.) Let y', ?/', y'" represent the same roots as in former 
examples. 

1. //» - 64 y - 127 = . - y' = - 2 • 1868247618 

2. y8 - 26711 y + 1016874 = . y' = 42 • 4961625 

8. y8-10286824y-8117689487 = 0. - y' = -848 -681114686 
4. y8 - 10286824 yH-l = 0. ^=y' = - 000000097226911405416 
6. y»-y-2 = 0. y'" = 1 • 621879707 

6. y» - y - 721 = 0. y"' = 9 • 00418082777 

7. y» - 8910102 y + 8019006012 = . - y'" = -8860 • 9669 

8. y» + 7y + 7 = 0. - y'" = - • 896921999 

9. y» + 21y + 7 = 0. - y'" = - • 881697081 
10. y» + y - 1 = 0. y'" = 



11. y« + 18-6 y - 18-6 = 0. y'" = -988726228 

12. y» + 186000 y + 18600000 = 0. - y'" = - 98-8726228 

18. y» + 482 y - 1728 = 0. y" « 8-86622426 

16 
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14. / + • 000482 y + • 000001728 = . - y"' = - • 00886622425 
16. y» + 2118246 1/ + 7 = 0. 

- y'" = - • 00000830462089861189828186667 
See example 7, art. (126.) 

16. !/• - 2118246 y - 7 = 0, to 21 decimals. See art. (60.), 
formula v. - //' = -^ = - • 000008804620898611898 

The same by development to twenty-nine decimals. 

- y' = - • 00000830462089861189881644081 

— y'" in equation 16 agrees with — y' ia equation 16 to twenty- 
one decimals. It is evident that the greater the ratio of — -v » 

the nearer will be the approximation of the two roots in the two 
equations. 

When the ratio is diminished to about 18 • 6 , or — 18 • 6 , the 
two roots in the two equations differ in their first figure by about a 
unit ; that is, y' is numerically greater than y'" , 

(129.) By this same process, the cube root can be developed with 
nearly as little labour, as is bestowed on the extraction of the 
square root. We will next present this very useful department of 
our theory under the title of 

A NEW AND SIMPLE METHOD OP EXTRACTING THE 
CUBE ROOT. 

Divide the number into periods of three figures, beginning ^t the 
place of units. Find the greatest cube in the left hand period, and 
subtract the same, placing the first figure of the root, so found, over 
the place where the first vertical column is intended to be • fg , or 
the first trial divisor will be equal to 8ri*. 

For the other steps, proceed according to the rules in art. (121.) 
which are practically explained in several examples. 
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EXAMPLE 1. 

Find the cube root of the number 678378097125 



Cube Root = 
8 ri« = 192149 



2418 
8765 



20929|86 

15616 
2286896|25 

1814'0 
280844225 



673878097125 

512 

161373 

146508 



14870097 

18718376 
1151721125 
1151721125 



KXAMPLE 2. 



Find the cube root olV - 967068262369 = 



2 2 

2744 
Cube^ot = 9889 
t^ = 243j64 = r/ 
2l!6 



967068262869 
729 



2652464 
235|2 



238068 
212192 



2904784 
2667 



81 
6 



298110041 



25876262 

2828827 2 
2637990869 
2687990869 



EXAMPLE 3. 



Extract the cube root of 2 to six places of decimals. 



Cube root = 



8 
1 


•16 5 
2 5 9 9 21 


»l 


•04 
•6 




8 


•64125 

•is'o 


4 


•5025 
887 


81 
6 


4 


721,8 

as 





4 •171518 



2. 
1. 
1. 



'728 



.272 
.225126 


46875 
42492 


4888 
4282 



101 

95 

6 

1 
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Eztnet the cube root of 9 to aizteoi figures. 



fi ■ 0;40104 
2080088828051904 


9 


GnberooL 


120064 




-'480 


8 
1 




12 -48641000064 
499200 


998912 


12-979699206409 




1088 


1872072 




1088375986512 


12-9802171899 


49624068488 


49922 




88940651420 


40858 


10688412068 


12-5 




10884192682 


46917 
'2 


299219886 




269604919 


12|9|8|0|2j4|6|l 


89614467 
88940788 




678729 






649012 




24717 






12980 




11787 






11682 






55 






52 
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EXAMPLE 0. 

Extract the cabe root of 8086066068048009001 to about nine- 
teen places of figures. 



t60|09i00 
Cube root = 2008001-000000880888 



12000009 


8086066068048009001 


1800 


8 


12018009000001. 


86066068 


600900 


86064027 


12086088009001 00 


12086048009001 




12086088009001 


12|0|8j6|0j8j90|l|8;0|0j8- 


10000000 




9628881 




871169 




861081 




10088 




9629 




469 




861 




98 




96 




2 



1^ 



EXAMPLE 6. 

Extract the cube root of 912678001 to abont iwenty-nine places 
of figures. 



2i7ijoo|oo|oo|oij 

97000000035427073356530004595 = cube root. 



243 

18 



49 
9 



2623 910 000000000000009 

' 8730000000 _ 

2 8 2l2,7,OiO iO;0 8730000000 912 5 
i ' ' ' • 14550000004k) 



912678001 • 
729 

183673 
183673 



18915000003 
I 16400000 



2048641)00014 
5B20000 



206086200 
20370 



2061647 
2 



710 

ol 



2(01 61 1181513 



- 846810000261900000027 

• 14113rj0f>0f*945750000 16 

l2054999iUa5249yR!*57 
l290eO('008l9tfJOOOO 

764 1996353304399511 
56414000041 2172401) 

I99659tsg49 18267550 
1975900001443 53^19 

20706S4773952217 
1975890001443297 

94744772508920 
8468lGOn06l856 

10O6-i7 7 2447004 
&4681000061R5 

1595673440879 
1411350001031 

184322439848 
169362000124 

14960439724 
14113500010 

846939714 
846810001 

129713 
112908 

16805 
14118 

2692 
2540 

152 
141 

11 
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7. Extract the cube root of — 8 , to ten places of figures. 

Ans. - 1 • 442249570 

8. Extract the cabe root of 4 , to ten places of figures. 

Ans. 1 • 587401052 

9. Extract the cabe root of * 0001187 , to about nine decimals. . 

Ans. ' 048445505 

10. Extract the cube root of 7 » to nine places of figures. 

Ans. 1-91298118 

11. Extract the cube root of 511 * 98 , to twelve places of figures. 

Ans. 7 • 99989588198 

12. Extract the cube root of 848010281782 , to seventeen places 

of figures. 

Am. 7000 0699480562881 

18. Extract the cube root of 100 , to eight places of figures. 

Ans. 4 • 6415888 

14. Extract the cube root of - 00000000005 , to about eleven places 
of decimals. 

Ans. • 00086840815 

16. Extract the cube root of 996994017017972978. 

Ans. 998997 



CHAPTER IX. 

NUMEBICAL SOLUTION OF BIQUADBATIC EQUATIONS. 

(130.) In chapter vn. we haye given a general solution of equa- 
tions of the fourth degree; and also have proved that all such 
equations can be reduced to equations of the third degree ; and have 
given a general cubic equation whose second term is absent, and 
whose coefficients are formed in terms of the coefficients of the 
biquadratic equation. Also a complete cubic equation is obtained 
from the biquadratic ; and it is proved that the roots of the latter 
can be expressed in terms of the roots of the former. Art. (79.) 

In art. (88.), these two equations, together with the equation of 
differences, are represented as follows : — 

Y = y» - 8 (^« + 12 «) y + 72 ^ « - 2 ^« - 27 f* = 

Z = 2« - 9 (^8 ^ 12 «) « 



J. / - 4 (±S(q* + 12*)?- 27(729* -2g»- 27 f*)« = 

The symbols q, r, and a are the coefficients of the general biqua- 
dratic equation. 

X, ==x^ + qix^ + rx + s=r. 

We shall, as heretofore, represent the roots of 
Yby ±y', ±/, Ty'"; 
also the roots of Z by ± z\ ± «", T «"' . 
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It ig evident that when we have found the numerical value of the 
roots of Y, we can substitute them in Y, with scarcely any 
labour ; thus the roots of Y, will become known ; and certain simple 
functions of these latter will give the four roots of the biquadratic 
equation. Art. (79.) 

The following rules will give the whole method of operation, and 
will further exercise the student in the rules and formulas heretofore 
given. 

1. Transform the proposed biquadratic equation into another 
without the second term. Art. (81.) 

2. Substitute the numerical value of the coefficients of the trans- 
formed biquadratic equation, in the equation Y . 

8. Find by the method in art. (121.), the root ± y'" in equation 
Y. See art. (128.) 

4. Find ^ by formula ^ = ±. y -^ - ^ ; arts. (128.) 
and (124.) 

5. With y'" and z' , find y' and t/' , ly the simple method already 
so often explained. Arts. (64.) and (65.) ; also see examples in 
chap. Yin, 

6. Substitute y' , /, y'" , in Y, , or rather in ^ ""o ^ • 

7. Extract the square roots of each of the three quantities 

y' — 2 a y" — 2 a y'" - 2 q 

- — o .9 Q I Q » aiid add them together accord- 
ing to art. (79.), and divide by 2 ; the result will be the four roots 
of the transformed biquadratic equation, whose second term is 
absent. 

8. Add to or subtract from each of these four roots the amount 
by which the roots of the original equation, by removing the second 
term, were diminished or increased ; the result will be the required 
roots of the proposed complete biquadratic equation. 

17 
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In case the equation of differences is used, the aathor*s method 

of finding y' or z' , according as the ratio of — —i- or '-= 

exccads 13 • 6 , will be fonnd much shorter and easier. It will be 
well for the pupil to work by both methods, and he will then be 
prepared to judge between the two. 

We will add a few examples, leaving the plainest portions of the 
operation for the exercise of the student's own judgment. 



EXAMPLE 1. 
(131.) Bequired the four roots of the equation 

ir* _ 80 .1-3 +1998 oT- - 14937 x + 5000 = 

to about eleven places of figures. 

Diminish the roots of the equation by 20, which is minus the 
fourth part of the second coefficient ; this will remove the second 
term ; and we shall have the transformed equation, 

x' -- ^02ofi + 9Sdx + 26460 = 

hence 9 = - 402 , r = + 988 , » = + 25460 

Substitute these values in Y , and we obtain 

Y = 2r* - 1401872 y - 688074427 = 

Find by the method in art. (121.) the positive root + y"' to 
about eleven places of decimals ; its value will be 

+ 1365 • 68115078108 = + y'" 
Find - «' = - J^- 6 = - 108 • 16886781569 = - «' 

"" ^"^"^ ^' = - 681-28889145757 = - y' 
- y"' + y' = - 784 • 89725927846 = - y" 
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Substitute — y' , — y", + y'" in --- ^ --, and the three yaluee 
will be 

23 • 20091357551 

57 • 58870284748 

723 • 21038367701 

take the square root of each, and we shall have 

4 • 816732666 

7 • 688722082 

26 • 892671159 

Add according to art. (79.), and divide by 2 ; and also add 20, 
according to iniles 7 and 8; and the four roots of the proposed 
biquadratic equation will be 

at = 84 • 832280287 

.r = 32 • 060290871 

a; = 12 • 756441795 

X = • 850987047 
Sum = second coefficient 



with its sign changed = 80 • 000000000 
This result verifies the correctness of each of the roots. 

EXAMPLE 2. 

(132.) Required, by the author's new method, the four roots of 
the equation 

X = ic* + 812 aj» + 23337 o^ - 14874 x + 2860 = * 

to seventeen places of decimals. 

* This example is taken from a treatise, by Professor J. B. Touno, On the Gabio 
Equation. The example was prepared by Mr. Locldiart, as one of great difficulty in 
conseqaence of the near approximation of two of .ts roots. 
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Bemore from X = the seeond term bj incmsiiig each of the 
rocte by the foaith pit of its cof-ffirient, or by 78; the regolt will be 

Xi = x/ - 13167 X * -f 140970 x, + 32099672 = 

hence ^ = - 13167, r = 140970, s = 32099672 

Substitiite these in equation Y = 0, art. (130.), and we have 

b c 

Y = / - 1675697859 y - 26402295395502 = 

It will be seen by mere inspectioQ that — - < 13 ' 5 ; therefore 
the equation of diffiBxenees should be son^t, which will be as follows: 

Z = 2» - 5027093577 z - 638117 • 9977151561269 = 
It will also be seen by mere inspection that ^ £ur exceeds 

100000000 ; therefore by art. (60.), formnk v., — y will give, at 

least, the first twelve decimals of one of the differences ; these 
decimals can be obtained by the expeditions process of contracted 
division. Let them be represented by - a . Also by the second 
term of formula i., art. (62.), nine more additional decimals will be 
obtained; thns 

■Xr- = - a = - -000126935770 

- ^' "'"o^f tl'^^ = - -000000000000628457805 

Sran = - -000126935770528457805 = - ^ 

Thns by this simple process one of the differences is found to 
tweniy-one places of decimals. Bat as we only wish to obtain the 
roots to seventeen places of decimals, the last four decimals of — ^ 
may be omitted. By the aid of — z' the three roots of Y = are 
quickly and very simply obtained : thus, art. (64.) 

- -00012693577052845 = - «' 

= 47267 • 99987306422927262 == + y"' 



h(^^'+K) 
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"^ ^'^ "^ ^ = - 23683 -99987806422937208 = - y' 

-y'" + y' = - 28688-99999999999990054 = - / 

In squaring z' several of the right hand decimals may be omitted 
without any error : indeed, the squaring of — a , as above given, is 
abundantly sufficient to ensure exactness. 

Let ^-^ — ^ = w , then 
8 

XL = 24538 • 99995768807642421 

u = 900 - 00004281192854264 

It == 900 - 00000000000008815 

i/ tt = 156 - 68832965141255792 

i/ n = 80 • 00000070519871742 

V tt = 80 • 00000000000000055 

Add these last three values, according to art. (79.), and we have 

x^ = 78-81666447810692052 

X, = 78-81666517880568739 

a?, = - 48-81666447810691997 

X, ^ - 108 - 81666517880568794 

Subtract from each of these roots 78, and we shall obtain 

a? = ' • 81666447810692062 

X = - 81666517880563789 

0? = - 126 • 81666447810691997 

a? = - 186 • 81666517880568794 



Sum a - 812 • 00000000000000000 
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The snm is equal, when the sign is changed, to the second 
coefficient of X = , verifying the correctness of each of the roots. 

(188.) K the mathematician will have the patience to find the 
roots — y\ — y"> by Stubm*s analysis and Hobneb*s process, he 
will percelye the vast snperioriiy of this new method. As these two 
roots do not separate until the ninth figore, the labor by the old 
method is uncommonly great, arising in part from the great 
magnitude of the coefficients. 

Professor J. R. Young, in his excellent work on " The Analysis 
aiid Solution of Cubic and Biquadratic Equations^*' has treated 
this last example according to the method of Stubm and Hobneb : 
he remarks that the example was prepared by Mb. Lockhabt, and 
is one of considerable difficulty, being *' framed expressly for the 
purpose of putting the modem methods and resources to a seyere 
test.** 

(184:) We shall next give additional rules for the determination 
of the nature of the roots of a biquadratic equation, whether real or 
imaginary ; and also the method by which the first figure of the real 
roots may be found, and illustrate the same by several numerical 
examples. 

Additional rules for the determin^Uion of the nature and situation 
of the roots in the biquadratic equation 

X = x^ + qaf^ + rx + s = 

*■ 

1. If ^ is native and q^ -4isia positive (art. (77.), equation i.), 

^ . 
and — ^ is equal to or greater than 6 * 75, (arts. 94, 95, and 96 ,) 

or if 6 and c are each equal to nothing, * the four roots of X = 

b^ 
will be real : but when — — - < 6 • 75 , 

two imaginary. (Art. (85.), prop, rv.) 



b^ 
will be real : but when — — - < 6 • 75 , two roots will be real and 



* If, nnder the circumstances stated in role 1, — = 6 * 75 , two of the foar roots 
of X = will be equal : and if b and c are each equal to nothing, three roots of X s 
will be equal ; and their values will be expressed hj± ^ V «- 
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2. If — — > 6 • 76 , and q is positive, or if q and ^f* — 4 « are 

both negative, X = will contain four imaginary roots : but ]i — - 

is equal to f or less than 6 • 75 , X = will have two real roots, 
and two imaginary roots. (Art. (85.), prop, rv.) 

These two rules for the determination of the nature of the roots, 
embrace all the cases Which can possibly occur. The first figure or 
situation of a biquadratic root can be determined by successiTe 
substitution. 

8. Substitute for the unknown quantity ^ in X = , according 
to the directions given in art. (116.), until a number is found which 
changes the value of the equation from positive to n^ative, or from 
negative to positive. The nature of the coefficients will, in general, 
indicate the denomination of the figure to be substituted, or rather, 
its place in the numeral scale. The number substituted, preceding 
the one which changes its value, will be the first root figure. 

EXAMPLES. 

q r s 

1. Given as^ — 6a:« + 8a?— 8 = 0to determine the nature 
and situation of its roots. 

The auxiliary cubic equation Y = , art. (180.), becomes 

y»-8((-6)«+(12 X -.8))y 

c 
+ 72x -6x -8-2x(-6)»-27x8« = 

both h and c are equal to nothing ; therefore, by rule first, the roots 
are all real ; and by the note at the bottom of the page, three of the 
roots are equal ; and because there are three changes of sign in the 
proposed equation, the three equal roots are positive ; and according 

V2 X — 6 
— g = 1, and 

f If, under the circamstaneeB expressed in rule 2 , — ^ = 6 * 76, the two real roots 
wDl be equal. 
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because the sum of the positive roots is equal to the snm of the 
oegatiTe roots, the remaining root most be — 8 . 

q r 9 

2. Given x*- 17aj« + 36a?-20 = 0,tofindthe character 
and situation of its roots. 

The auxiliary becomes 

b c 

y» - 147 y - 686 = 

therefore -j- = — |_ ^^J^ = 6 • 76 ; and as ^ is n^ative, 

and q* — 4t 8 positive, the four roots, by rule first, must be real, 
and by the note to rule first, two of the roots must be equal ; their 
value will be expressed by the general formula for two equal roots, 
art. (86.), being positive, because there are three changes of sign 
among the coefficients of the proposed equation; and therefore there 
must be three positive roots, and one negative. 

The formula for the equal roots is 

The formula in art. (86.) for the two unequal roots is 
hence 

q r 8 

8. Given x^ + sfi+6x^4t = 0io find the nature and situa- 
tion of the roots. 
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The auxiliary cubic becomes 

b c 

2/» - 147 y - 686 = 

This, as in the last example, gives — — = 6 • 76 ; therefore, as q 

is positive, by rule second, there will be two real and two imaginary 
roots ; and by the note to rule second, the two real roots will be 
equal. These may be found by the general formula, art. (86.), 
used in the last example, being equal to — 1 ; the two imaginary 
roots may be found by the same formula, being equal to 

1 + v^ 3 v3i^ 1 - \/ 8 a/^. 

q r s 

4. The equation ar* — a^« + • 6 iP — * 2 = is given, to find the 
character of the roots, and the first figure of each real root, if such 
exist. 

The auxiliary cubic is 

b c 

i/s + 4-2y-80-8 = 

As i IS positive, — — is a negative quantity, and therefore smaller 

than the positive quantity 6 • 75 ; and also q is negative and ^^ — 4 » 
is positive; therefore, by rule first, the proposed equation will 
contain two real and two imaginary roots. As the final term of .the 
proposed equation is negative, one of the real roots must be positive, 
and the other negative. To find the first figure of the positive root, 
substitute for a? , • , + * 1 , + * 2 , &c. ; the number • 8 changes 
the value of the proposed equation fi-om negative to positive ; there- 
fore, by rule third, • 7 is the first figure of the positive root. Sub- 
stitute — 1, — 2, to find the negative root; the value of the 
equation is changed fi-om negative to positive by the substitution of 
— 2; therefore, by rule third, — 1 is the first figure of the negative 
root. 

5. Given os^ — 2rB8 + 8a?+l =0, to determine the nature 
of the roots, and find the first figure of each of the real roots, if any 
exist. 

IH 
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The auxiliary cubic is 

b ,c 

f - 48 y - 155 = 

and — -^ < 6 • 75 ; therefore, by the rules, there axe two real roots, 

and two imaginary roots. 

By substituting 0,-1, the latter changes the value from 
positive to negative ; therefore one root must be between and — 1 ; 
substitute — '1, — *2, — '3. The sign is changed by — • 3 , 
therefore — • 2 must be the first figure of one of the roots. Again 
substitute — 1 , — 2, this latter restores the value of the equation 
from the negative to the positive ; therefore — 1 is the first figure 
of the other root. 

6. x*^ - 20 x^ + 60 a; - 30 = 0. The two real roots are 
between the following numbers. 

('6,-7);(— 5, — 6); two roots are imaginary. 

7. a;*-30a;2 + 50a;~10 = 0. (•2,-3); (1,2); (4,5); (-6,-7). 

8. x^ - 1000 a;2 + 10000 x - 13000 = 0. The roots are between 

(1,2); (9,10); (20,30); (-30, -40). 

9. a;* — ii* + a; + 1 = 0. One root is — 1 ; another is between 

( — • 7 , — • 8 ) ; two roots are imaginary. 

10. a.-* — 2 :t« — 4 a; + 8 = . Four roots imaginary. 

11. .t-^ + 200 x^ - 4000 X + 60000 = 0. Four roots imaginary. 

12. if* + 6 a;2 — 10 a; + 8 = 0. Four roots imaginary. 

13. ic* — 5 x^ - A- + 4 = 0. The four roots are real, and are 
situated between the numbers. 

(•8, -9); (2,3); (-1-2, -1-3); (-1-7, -1-8). 
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(135.) It will be seen, by example 13, in the last art., that the 
two negative roots have their first figures alike; therefore two 
figures have to be found, in order to determine the situation of the 
roots : this increases the labour of substitution ; and it is evident that, 
if the first two of the figures were alike, the difficulty would be still 
more increased ; and if the roots should not separate, until a greater 
number of figures are obtained, it would be almost impossible to find 
by substitution the place of separation. When two roots are nega- 

itve and two positive, if — — > 89 , the first figures of the root 

cannot be alike and of the same denomination ; but when — ~;^ < B9 , 

the first figures may be alike : under these circumstances, it would 
be advisable for the student to find the biquadratic roots by the 
method of the auxiliary equation of difierences, according to example 
2, in art. (182.) 

When three roots are negative and one positive, or when three 
roots are positive and one negative, the first figure of the single 
negative or positive root can be immediately found by substitution, 
and the equation be depressed to a cubic, and the remaining roots 
be developed, according to our method for the solution of equations 
of the third degree. 

When two roots only are real, and one is positive and one nega- 
tive, which will always be the case when the sign of the final term 
is negative, the first figure of either of the roots can be immediately 
obtained by substitution : but when the final term is positive, the 
equation must have either two positive or two negative roots, and 
these may approximate each other so as to have their first figures 
the same : in case such approximation is found to exist, as may be 
easily determined by a few substitutions, the student should proceed 
to find the roots according to the method adverted to above. 
Art. (132.) 

(136.) Having found the first figure of a biquadratic root, accord- 
ing to the rules given in art. (134.), the other figures of the root 
may be developed to any extent required, either by the slow process 
of Horner, or by a new method much more expeditious, being very 
similar to the one which we have devised for the development of a 
root in the cubic equation. 
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EXAMPLE. 



Given ^ - 13167 .i^ + 140970 x + 32099672 = , and also 
— 1 in the place of hundreds, as the first figure of one of its nega- 
tive roots, to develope the root to about twenty places of figures. 
(See the roots of this equation in art. (132.) ) 



4 J- = - 40i2- 
.r = - 108 



K = 

4.r- 
h,= 

4x' 

K = 

k,= 

4.r- 

4.r- 
//, = 
Av = 
4.r- 

K = 

4 .r • 



-13167- =9 
= 110064 •=r,« 




= - 8167- 


16833- 
r,^320=/3 


50097- 


= 5342509 = r4s 
r, - 129-6=/, 




56946-69 


57076-4701= 
r,= 4-332=. 




57210-6721 


57^15-0043136 = 
/•6= 2-59944=. 
57221-936076 


57224-535588.3 
r,= -25995814 


57227-39509 


5 


57227-65505 
r«= 2599 


4 

6 = 


57227-94101 

t' n L\ i.\ r7 . f\ t* rj f\ "t 





244 

316665178806^63794 = Root. * 

140970- = r 

d, =457670-) 
A-,ri= -16888 j ' 
h.r.= -400776- 



fe 
6 = r7« 

= /7 



= /. 



d^ = 1626406-) 
A-5r3=427400-J * 
/i, r,= 17084-007 
</8 = 2070890-007 
A-,r,=17122-941 
^3 r, = 572-106721 
(/, = 2088585-05472i 
k,r,= 572-150048 
Kr.=: 343-3316164 



56 



2089500-6368804 
A6r6 = 343-3472186 
h^r,= 84-8864370 
2089878-2200310 
k,r^= 84-3365930 



3-4336764 



20899:15-9908005 



57227 

'9 = 

67 2217 



967i01 

216 = 
9j951 



./; 






= 8 



4336780 
2861899 



6 6.0 
280 
5J0 

4)1 
32 

ell. 

3 
2 

8 



19- 



710118 

286140 

6722 





20 


•001981 


*10»"lO = 




6723 


/hi»-u = 




4006 




20 


•0117,1 


*u ''u = 




4011 


h^Vji 




416 



20-016 






210 •101117 



* Hub root if giyen, by another process, in art. (133.) 
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82099672 
457670 



13667328 
13011248 



656080 
621267 



84812 

2088 5 

1892 7 

125 3J 

18 90 

12 5 3 

13"6 

125 



10 
10 



0021 



9979 
85054 



14785 
0032J^ 
14418 
92693 



72 1 
279 
8282736 



21720 
39495 



4507264 
20186 25 
2~4 8"86 3 9 
9418082 



82224 
44959 



8070607 
8550592 



87264 
20899 



4520015 
2000198 



16865 
14629 



2519817 
4400820 



1785 
1671 



8118997 
9860180 



68 

62 

1 

1 



8758867 
6976005 
1782862 
0449600 



1388262 

12 58952 

79810 

6 2698 

16612 

14629 

1988 

1881 

102 

84 

18 
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After the numerous examples which have been given in the 
chapter on the numerical solution of cubic equations, it will be 
unnecessary to enter into a minute explanation of the same process, 
applied with only a few modifications, to equations of the fourth 
degree, yet a few words, explanatory of the above method, may not 
be altogether out of place. 

Let the coefficients q, r, and s be arranged in a horizontal line, 
at a convenient distance apart; write the first figure of the root over 
q in the hundreds place ; take the square of — 1 = r^, (that is of 
— 100) and write it under q, in the place of tens of thousands, omit- 
ting the four cyphers : multiply the algebraical sum by r^, and place the 
product under the coefficient r; multiply the algebraical sum of 
these by r^, and place the product under 5, and take the algebraical 
sum. Add h^ to twice r^^ which stands above it ; multiply the sum 
by ? 1 and place the product under dj ; this product -}- d^ = t^ = 
the first trial divisor. 

r^ is found to be a cypher in the place of tens ; for the square of 
7'^ write two cyphers on the right of r^^, and erect a vertical line 
between them ; find by the trial divisor the third figure r^ of the 
root ; multiply the first two figures of the root by 4, and place the 
product directly over the root figures ; place the square of r^ (viz., 
64) to the right of the two cyphers in the same line with r^^ ; mul- 
tiply ?'8 into the figures in the line above the root (namely 40), and 
place the product (namely 320) so that its right hand figure shall 
be one figure to the left of the right hand figure of r^ ; then add 
according to the following process, or according to the following 
simple algebraical expressions ; thus : 
h = 7 + ?i~ 



k. 


= /ii + 2 ) 


\' 






K 


=./; 


+ '■," 


+ Ih + S >•,« 






k. 


= /., 


+ A 


+ 2r,« 






K 


= /8 


+ »•,» 


+ ^+/, + 8 


»•/ 




h 


= /<. 


+ /s 


+ 2 »■.« 






K 


= /4 


+ n« 


+ *8+/a+8 


'■<? 




K 


= h. 


+ /, 


+ 2r/ 






K 


= }„ 


. + '< 


: + i-i+/«-i 


'+ 


^<, 



m m * '^ m * m 

The quantities, represented by these symbols, are already arranged, 
according to their value in the numeral scale, and only need to be 
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added algebraically, to obtain the required sums intended for 
multiplication. 

While the root figures remain integral, their successive squares 
are retained in the line r^ ; but when the squares of the root figures 
become decimals, they are attached to the right of the lines 
^2> ^3J Ky &c., as the case maybe, and vertical lines drawn between them 
and the preceding figures. The quantities /2,/3,/4, &c., are obtained 
by simply multiplying the last root figure, successively obtained in 
the line x, into the preceding figures in the line 4a; immediately 
above : that is, if r^ is the last figure found, r^ multiplied into the 
preceding figures in the line 4a*, will give f^^ : and r^ should be 
affixed to the right of A:^_i 

After what has been observed, art. (122.), it is scarcely necessary 
to repeat, that after about two trial divisors have been used mentally, 
they can be dispensed with, and each preceding true divisor be 
made the trial divisor for the following root figure. 

The method of abbreviation is similar, with some modifications, 
to that used in the development of a root in a cubic equation : at 
each step one figure is cut off from the right of the middle column, 
and two figures cut off from the line 4a;, and from the r^ht of the 
first column, for both h and k : but the method of abbreviation, as 
it regards the first column, will be better understood by a careful 
examination of the above example. It will be perceived that seven 
figures of the root are obtained without any abbreviation ; six figures 
more by abbreviating the corrections to the true divisors in the 
second column ; and finally, seven figures more by contracted 
division. 

The rule for the commencement of the abbreviation is, to begin 
when about one- third, or one -third plus one, of the required number 
of the figures of the root have been obtained. 

(137.) The difference between our method and that of Hobnbb 
consists, first, in the great reduction of labour ; Hobneb has four 
columns, we have but three ; the first or longest column of Hobneb 
contains about as many figures as our first two columns : and his 
whole process has about three times more figures than ours. Second, 
Hobneb' s process, by the great inequality in the length of the four 
columns, separates divisors from dividends ; and parts which should 
be conjoined, in or near the same horizontal line, become disjointed 
and placed far from each other : but our method obviates this great 
difficulty, and introduces a greater compactness and brevity, which 



144 



VUMKBICAL SOLUTIOK OF BIQUADSAXIC SQUATIGR8. 



are considerations of no small importance in the numerical solution 
of equations of a hi^ber d^ree than the second. 

(138). In iDustration of our theory, several examples win be given 
wi^ the numerical operation : in some instances we shall devdope 
the root to a great length, that the student may more fully perceive 
the method of abbreviation, and the fieunlities and expedition so 
happOy connected with this useful process. 

£XA3fPL£ 1. 

Given x* - Sj* + 75 x — 10000 = 0, and also the first figure 
of one of its roots, 9, to find the root to twenty-four places of figures. 



4j? =36- 

Root= 9^ 

- 3- 

81- 

240 

28 



2 2 4 



- 10000- 



886002700947 88U 15619 3 12 6993- 



75 
02 



64 

8 



777 

2160 

409 



5 12*44 



542 
3 



5264 
13 6 



3346 

434 

46 



576-3824 



579-63 
•23 



12|3 6 
71*2 



3827 

46 

3 



582*923556 



381 



583 



1607481000004 
7 9088i0 



3007- 
2677 • 5616 



329 
306 



4384 
16628736 



95 2 



952 
016 
110592 



23 



27211264 
261631776016 



078592 
36249H 
497541336 



104S0863984 
7760877521240220352 
2719986462759779648 
2716308235056603032 



938629330 
498964488 

116679611017 (i 



3678227703176616 
3492396670229094 



583*3980550880 3880 



583 



3981341760 
276808 



438760i;20I10176 
1166796268352 



4083787686615 



583*3 982 40945 3880*4403 3 5 79 5147 189 



583*3982 



>8 



6 



58 3 -13 918 3 



408378788:0 
6 2 5 5 8i5 
4 
8 



74469899 

52505 

2333 



7452473 

233 

40 



7452748 

4|l 
'4 



3 88|0*j4|4|0 7|4 5|2|7,9 



185831032947622 

156217629r09895 

30613403137627 

27163085216924 

3450317920703 

3104352696223 

3469653 i4480 

310436259622 

35530064858 

34923966707 

606098151 

388044075 

218064076 

19402203 7 

24032039 

23282644 

749395 

388044 

361351 

349240 

12111 

11641 

470 

388 



78 

4 
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EXAMPLE 2. 



The first figure of aDother root, in tbe example, art. (186.), is 
— 4, in the place of teas, develope the root, hy the new method, 
to twenty-two figd^es. 



8 1 

.l|6 2 

. 48 



131,67 
16 64 



— 1156? 



8367 
128 



— i>223 



— 81 5 
57 



+ 714 



772 
1 



832 



834 
1 



837 



838 



839 



839 



839 



839 



83 9 



839 



18410 



2 S 

I24I44 

31606447310691997425 



X * 



09 



69 

4 7101 
9 3'2 



2 7-^1 



2043130 
1594'4 



296076 



455588 
115958 



36 
4 



7310947 (J 



84705388 
1159598 



36 
4 



97460935 



9 8 6 2 5 3 
7730 



9 985 7.44 



9 9 934j7 6 
77 3 



010 0119 8 



140970- 
46268 
60365 
33468 

17784- 
956114- 
6520 
— 214 



82099672 * 
— 241460 

7953672- 
7648912 - 



804760 

288725 



962419 

— 231 

— 8 



•407 

593 

741 
•322721 



16034 
9621" 



8779 
1221 
79529279 



6412- 
5772- 



32680721 
996980757264 



962179 

— 8 

— 5 



529279 
•342043 
•023776456 



639 • 329826452736 
577-2963773324154864 



962166 
— 5 



163459544 
•030733528 
503838656856 



62 • 0334491203205136 
57 - 7296044748390158 
4-3088446454814983 
3 - 8486400832859346 



962160-62888735914410 

— •6039082323280 

— 6039847656 l|0 
96|2|l|6|0i0j74 5 8 06 6026 6 



- 4552045021966688 
•3848640068601945 



'6039917232 
886999429 



208214830 

— 33699973 

— 8360000 



17126486 

— 886000 

— 68800 



1678068 

— 5880 

— 262 



166698 
— 26 



8 



1|6I6|6|6|3 



7r8405563468693 

678612011711480 

29898641742213 

28864800600081 

1028741242182 

962160016667 

66581225485 

67729601000 

8861624466 

8669440160 

192184815 

96216002 

96968813 

86694401 

9878912 

8669440 

714472 

678612 

40960 

88486 

2474 

1924 

650 

481 

69 



* This root is given, by another process, to nineteen places of figures, in art. (132.) 
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EXAMPLE 8. 



Given a?* - 402 a:« + 983 x + 25460 = 
place of teDS, as the first figure of one of its 
j'oot to about thirteen places of figuies. 



, and also — 1 , in the 
roots, to develope the 



18 2 ' 

-'46 



1 
46 



-19-64901295413 = R^ot 



-4i02- 
ll81' 



- 802. 

-102- 

86 



689- 



1161136 
4 5.6 

1809-96 
1856-28jl6 

8-1 8'6 
1906-0976 
1909-236881 
•707014 

1918-084|7 
1918-79119 

8 



983 = r 
802 
4003 
1020 
- 5751 
- 728 
-10449 
- 1085-976 



v- 



ll91|4-500 



25460 
40030 



12262-976 
1118-768 
76-243904 

18452-987904 
76-369472 
17-217762 



18546-5751 

17-2241 

191 



18568-8184 



19 
8 



18568-84 



18|5 6|8|-8i5 



14570 




6552 




-8018 




7357-7856 


660- 


2144 


588 


11951616 


122 


•09488884 


121 


•91917624 




17670760 




18568818 




4006942 




2712768 




1294174 




1220746 




78428 




67819 




6609 




6426 



188 
186 

41 
~6 
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EXAMPLE 4. 

The first figure of one of the roots, in the equation of the last 
example, is — 7 in the place of units, develope the root to about 
eight places of figures. 



— 


2I8- 
7- 


8 

2485582 = Root 




25460 

- 24178 

1282 

1051 

280 

211 

18 

15 

2 

2 




- 4 


02- 
49- 




983 
2471 




- 858' 




4 

'6 

"8 16 
62 


8454 
1785 

20-472 

5259-472 

19-836 

8-592 

5282-400 

8-546 

-262 




- 255- 
5- 



6 


8944 
1056 


- 102- 


8 


2960 


- 96 
1 


6 
1 


8096 
8586 


- 89 


.8 


1 


•9510 


— 


88 


6 


5 
9 


•6482 
-3078 


87 


•4 




5286-2 
•2 

5|2 86- 6 


1 
6 

4 


•2648 


8j7 


•8 


485 

423 

12 

11 



EXAMPLES FOR EXERCISE. 

(189.) 1. Required the roots of the equation 

ic* - a;2 + • 6a? — • 2 = , to about seven 

decimals. [See example 4, art. (184.)] 

( -7449687 

Amwers. • - 1-2646988 

. I Two roots imaginary. 

2. Required the roots of a,* — 2a^ + 8a? + 1 = , to about eight 
decimals. [See art. (184.), example 5.] 

- -28281689 
Answers. \- 1-82806970 

Two roots imaginary. 



148 MBW METHOD OF EXTSAOTlNa THB FOUBtB BOOT. 

8. Required the roots of a;* - 20a;2 + 60a? - 80 = , to aboat 
six decimals. [See aiL (184.), example 6.] 

[ -629454 

Answers. • - 5-628086 

Tv^ro roots iTcagmaiy. 

4. Required tbe roots of x^ - 80a:8 + 50a? — 10 = , to about 
niue decimals. [See art. (184.)] 



Answers, 




282827828 

591645545 

,867656071 

191628989 



5. Required tbe roots of x^ - 1000a« + 10000a? - 18000 = , 
to about six decimals. [See art. (184.)] 

1-585097 
9-481182 



Answers, 



24-881628 
1-85-897857 



(140.) The usual method of extracting the fourth root of num- 
bers, has been, first, to extract the square root of the number, and, 
secondly, to extract the square root of the square root. But we 
propose to apply our theory to this paiticular class of roots, and 
show how they may be developed with far less labour than by the 
old process. 

A NEW METHOD OF EXTRACTING THE FOUETH 
ROOT OF NUMBERS. 

Divide the number into periods of four figures. 

Find the greatest fourtii root in the left hand period ; subtract 
its fouith power from the same, and bring down the next period. 
Write the root figure, as usual, above the first vertical column; 
underneath this, place six times the square of the root figure : at the 
top of the second vertical column write four times the cube of the 
root figure : this will be the first trial divisor, for finding the second 
root figure, namely r^ ; place r^ on the right of 6 r-^ and draw a 
vertical line between them : the balance of the process is the same, 
as finding the roots of a biquadratic equation, so abundantly illus- 
trated in the preceding articles. 
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EXAMPLE ). 

Extract the fourth root of 7971561407527201 



3666 
RDot = 9449 



6ri8 



= 48 616 
14'4 
50056 


= r2« 


51528 

150 

53 166 


16 

4 

56 


5 3 3 1 7 2 8,8 1 

3 3 9 8'4 



7971561407627201 
n* = 6661 



4 ri8 = 2916 

200224 



535021521 



83 16224 
206112 
21^66624 
3343602624 
21326912 
481.5193689 
8869744729689 



14105614 

12464896 
16407130762 
13374410496 



80827702567201 
30327702567201 



EXAMPLE 2. 

Extract the fourth root of 17 to about thirteen places of figures. 



|8 • 0|2 
2030543184869 



Boot 



6ri» 



:24 



0009 
240 



4ri» = 82- 



24 


2409, 


025 
00 


24 


48 2 710 
406 


24 


729 4610 


24 


73352 
32 



5 


24 


73791 




24 


V36 


2 



214-713 9 



'727227 
82-727227 
•734481 
12364730 






38-47407273 

1236676 

98961 


83-4874290 

9896 

742 


I 
3 
2 



88-488492 

74 

2 



88-488669 



813 -|4|8|&|5|7 



17- 

16- 

1- 



• 98181681 

1818819 

16737036366 

1446153635 

1339497 1 60 

106656475 

100465478 

6190997 

3848867 

2842 140 

2679086 

163054 

133954 



29100 

26791 

2309 

2009 

800 

801 
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Ey^MPLE 3. 



12-{02 

8080070288248 = Root 
6 rj« =54 -'0064 4 rj* = 108* 



•i960 



54-9 664 
55-989200 

816 

56-91198 



Extract the fourth root of 90 to about thirteen places of figures. 



90- 

81 - = r^* 
8- 

8-99178496 
821504 
81818502 
836899 
233761 

103137 

98504 

9683 

9350 

283 

284 

49 

46 

8 

3 





4-397312 
36 

)e4 

^3,2 

)8\4: 

lll 

1|1|6-|8|8|0|43 



112-3973] 
4-47511 

89^ 

116-87641 
89f 



EXAMPLE ^. 



Extract the foutth root of 8 to about uine places of figures. 



1 • 

4 

1 



6ri2 = 



6-09 

l-l2 

7-29 



24 

31607401 = Root 
4 ri» = 4 • 

2187 



8 



67101 

512 



10-1921 



10 



2443 
314 



36 
4 



10-3281 



10-359 



10-392 



6 
2 


■187 
•601 
101921 


8 


•889921 

102448 

61969 


9 


•054888 

62157 

727 


9' 


11722 

7 



3- 

1_;^= ri< 
2- 

1 ' 8561 

-1439 

8889921 

5500079 

6482600 

67479 

63821 

8658 

3347 

11 

9 



9 -111118 
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EXA.MPLE 5. 

Extract the fourth root of 11 to abont fifteen places of figures. 

Am. 1-82116028688787. 

(141.) The great simplifications, infa-odnced in the preceding 
pages, relative to the numerical solufcioQS of equations of the Third 
and Fourth Degrees, will, it is hoped, render them worthy of being 
henceforth incorporated among the elements of Algebra, taking their 
place in their natural order after the quadi^atic, or equations of the 
second degree. 

(142.) Equations of the higher orders, than those of the fourth 
degree, can be numerically solved by the aid of theorems, invented 
by the great mathematicians of modem times, among which may be 
mentioned those of Budan, Fourier, and Sturm. Students who 
are desirous of extending their enquliies beyond equations of the 
fourth degree, will derive great assistance from the perusal of a 
celebrated treatise, published by Prop. J. R. Young, in 1843, 
entitled ^^ Theory and Solution of Algebraical Equations of the 
Hlglier Orders^ 



,D. XABPLES, PBINTBB, LOBD 8TBBET, LIYBBPOOL. 



